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1 Introduction 

This paper is part of a program to study the well posedness of classical solutions after the 
gelation time for a general class of coagulation equations that behave asymptotically as 
homogeneous kernels. 

The classical coagulation equation reads: 



d t f(x,t) = - / K(x-y,y)f(x-y,t)f(y,t)dy- / K {x, y) f (x, t) f (y, t) dy (1.1) 



This equation can be though as describing the distribution of sizes for a set of particles 
with size x that aggregate with particles of size y, independently distributed, with a rate 



It is well known that for kernels K (x, y) that behave asymptotically for large x, y as 

A 

(xy) 2 with 1 < A < 2, the solutions of (jl.ip exhibit the phenomenon known as "gelation", 
that means that the first moment of /, that is formally preserved for the solutions of (jl.ip , 
is not any longer preserved after some finite time t* , due to the fact that a macroscopic 
fraction of particles "escapes " to infinitely large sizes (cf. [7]). 

A detailed description of the asymptotics of the function / (x, t) as x — > oo for solutions 
exhibiting gelation behaviour is still lacking, except for the case K (x,y) = x ■ y where 
(jl.ip can be explicitly solved using integral transform (cf. [3], [9], [TO]) . In order to obtain 
more information on the asymptotics of the solutions of (jl.ip for more general kernels, we 
have studied in a detailed way in [1] the fundamental solution of the linearized problem 
obtained considering the evolution of functions / that are close to / (x) = Ax~^~ with 

A 

kernel K (x, y) = (x y) 2 , 1 < A < 2. The reason for considering the evolution near such 
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power law, is that the interpretation of this distribution in the particle setting above 
corresponds to a continuous transport of particles emanating from the origin and being 
transported towards x = oo at a constant rate (cf. [1]). This power law was obtained in 
where explicit particular solutions of the discrete coagulation equations yielding loss 
of mass have been constructed. 

In order to understand solutions of the coagulation equation (jl.ip yielding a "flux" 
of particles towards infinity, it is natural to linearize around / (cc) , in order to clarify 
how such transport of particles could take place. We will denote the linearized problem 
considered in [1] as: 

gt = L [g] , g (0) = g (1.2) 

where 

L(g) = J ((* - y)- 3 / 2 - x- 3 / 2 ) y x l 2 g{y)dy 

+ f*' 2 ((* - y) x ' 2 g(x -y)- x x l 2 g{x)) y^l 2 dy 

- x-3/ 2 / y x / 2 g{y)dy - 2V2x {X ~ 1)/2 g(x). (1.3) 

Jx/2 

A technical difficulty that arises in the study of the linearization of (jl.ip around / (x) 
is due to the fact that this function is singular near x = 0. This has several relevant 
consequences. First, the resulting linearized operator becomes singular near x = 0, and 
as a consequence, it has regularizing effects that cannot be expected to take place for 
the original problem (jl.ip . As a matter of fact, the linearized operator considered in [1] 
behaves, locally near a given value of x, asi 

gt = — {—D xx )i g + higher order terms 

In particular, this problem can be considered a nonlocal parabolic equation whose 
generator has Fourier symbol —y/2ik. Clearly, the regularity properties associated to this 
problem can be expected to be very different from the ones associated to (jl.ip . 

On the other hand, from the physical point of view, the solution / (x) is associated to 
the presence of a constant flux of particles leaving from the origin, as it can be seen in 
Bounded solutions of (jl.ip do not have such a constant flux of particles with size x = 0. 

However, in spite of these differences between the linearized problem (jl.2p and (jl.lj) 
there are good reasons for studying (jl.2p in order to understand particle fluxes towards 
infinity for the nonlinear equation (jl.lj) . The main one is that solutions of (jl.ip yielding 
particle fluxes towards x = oo can be expected to behave as one of the solutions / as 
indicated above for each given time. Moreover, the problem (jl.2p can be solved explicitly 
using the methods in [1] due to its good properties under rescalings. Moreover it is possible 
to derive detailed estimates of the corresponding fundamental solution in all the regions 
of the space-time (x,t) (cf. [1]). 

Nevertheless, in order to avoid the shortcomings of (jl.2p as an approximation of (jl.lj) . 
it would be more convenient to study the linearization of (jl.lj) near a smooth bounded 
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function Jq (x) that behaves asymptotically as Ax 2 as x — » 00. The resulting problem 
would be: 



Problem (|1.4p is in some sense closer to than (|1.2p . Indeed, (|1.4|) does not have 
regularizing properties at any x > 0. On the other hand, bounded solutions of (|1,4|) yield 
a zero flux of particles from the origin. 

Unfortunately, the solution of (|1.4p cannot be obtained explicitly as it has been made 
in [3]. Moreover, to prove even local solvability in time of (jl.4p is not an easy task due 
to the presence of the integral term f °° yzg (y) dy. In the absence of this term the local 
solvability of (jl.4p could be easily obtained using a fixed point argument. However, the 
presence of this integral term makes this problem much harder to solve. 

The key idea that will be used in this paper is to solve (|1.4p approximating it by means 
of (jl.2p for x — > 00. The operator on the right hand side can be thought as an operator 
having half derivative at x = 00. As a consequence, the equation (|1.4p has some kind of 
"smoothing effects" for x = 00. The presence of these regularizing effects is more clear 
in the equation (|1.2p . Nevertheless, this last equation has regularizing effects for all the 
values of x. Therefore, to approximate the regularizing effects of (jl.4p by means of those 
of (jl.2|) is something that must be given a precise meaning and it will be given in this 
paper. Regularising effects in kinetic equations with singular kernels have been previously 
obtained for Boltzmann equation cf. [2 J and |12| . 

There is another feature of the approximation of (|1.4p using (|1.2p that is worth men- 
tioning. As indicated above, the function / (2) can be thought as the source of a flux of 
particles coming from x = that are transported towards x = 00. On the contrary, the 
funtion /q (x) does not provide any flux of particles from the origin, although it is associ- 
ated to a flux of particles transported towards x = 00. If we rewrite these two functions 
using the change of variables F = R~^~ f (R£) , with £ of order one and R — ► 00, it follows 
that / (x) = Ax~^~ becomes F (£) = A£~^~ and fo (x) becomes Fq (£) = R~^~ fo (R£) . 
Notice that Fo (£) — ► F (£) as R — ► 00, for all £ > 0. Such a convergence fails for £ — > 
or, more precisely, for x of order one. Actually that is the region where (|1.4|) cannot be 
approximated by (|1.2p . This region can be considered as containing a "boundary layer" 
where the boundedness of fo plays a role, and where the absence of particle fluxes and 
regularizing effects for (|l,4p are seen. The analysis of this paper can be thought as the 
development of the mathematical techniques to handle such a boundary layer effects, as 
well as the proof of the fact that the dynamics of (|1.4p can be approximated by means of 
the singular problem (jl.2p at least for times of order one. 

Let us remark that to solve the problems (|1.2p . (|1.4p is equivalent to the solution 
of suitable problems with sources and vanishing initial data. Indeed, suppose that g = 



9t=£ (9) 



9 (0) = 90 



(1.4) 



with: 
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g (x, t) , is a smooth function satisfying g (x, 0) = go (x) . Let us define g = h — h. Then: 

h t = L[h}+fi , h(0) = (1.5) 

h t = £{h)+n , h(0) = (1.6) 
with [l = L [g] - g t , \i = L [g] - g t . 

The method that we will use in this paper to solve (|1.4|) makes use of a classical 
continuation method. More precisely, we will embed (|1.6p into the family of problems: 

h = (l-6)L[h) +9C(h) + fi , h(0) = , 0£ [0,1] (1.7) 

The problem (jl.7p can be explicitly solved for = using the fundamental solution in 
@j. Suppose that JTZJ can be solved for 6 = 6* £ [0, 1) . We will show that (JTZJ) can be 
solved for 9 > 9* with (0 — 0*) small enough. This will allow to extend by continuity the 
solution of (|1.7p from 9 = to 9 = 1, and then to obtain a solution of (|1.6p . 

Similar continuity methods have been extensively used in the analysis of PDE's (cf. 

pa EM). 

The plan of the paper is the following. In Section 2 we define our functional framework 
and state the main results of this paper. In Section 3 we obtain some technical auxiliary 
results that are needed in the proofs of the interior regularity estimates for the operator C 
These are later obtained in Section 4 and will provide the essential smoothness required 
in this paper. Section 5 contains some estimates that provide a precise meaning to the 
approximation of the operator C by means of L. Finally, Section 6 provides the proof of 
the main result of the paper, namely the local well-posedness of (|1.6|) . 



2 Functional Framework and statement of the main results. 

We introduce now the set of initial data, f £ C 1 ' 7 (R+), 7 £ (0, 1), that we shall consider 
in this paper. We will assume that the function fo is close to the function ^4x~( 3 + A )/ 2 ) for 
some constant A £ R. To this end define 

h (x) = f (x) - Ax~^/ 2 k(x) (2.1) 

where £ is a smooth cutoff function such that = 1 for x > 1 and = if 

< x < 1/2. We then require in all this paper that for some positive constants B and 5, 
the following condition holds : 

y^ +S \ho(y)\+y^ +1+S \h' (y)\ + snpR^ +5 [h' } c , [R/2>2R] + [ti ] c , m < B. (2.2) 

1 

All the estimates in the rest of paper will depend on the constants A, B, 7 and 5. For the 
sake of shortedness this dependence will not be indicated. 
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The operator C is given by: 

£(<?) = (x- y) X/2 fo(x - y) y x ' 2 g{y) dy - x x ' 2 f (x) / y x ' 2 g{y) dy (2.3) 
J J 

/>oo 

-x x / 2 g(x) I y x / 2 f (y). (2.4) 
Our first goal is to study the solutions of the Cauchy problem: 







^=C(h) +f i(r,x) (2.5) 
h(0,x)=0 (2.6) 

for some initial data ho and non homogeneous term ji. 

We shall also use repeatedly the following "localised version" of this equation. To this 
end, for all R > 1 fixed, let x( x ) £ C§°(0, +00) be such that: 

r 1 ifxG (#_!,# + !) , 

X(s) = < (2-7) 
[ if xg(fl-£,i*+f) . 

If we multiply the equation (|2.5p by x( x ) an d call <? = x( x ) d( x ) we obtain: 

^ = C{g) + lZ(g) (2.8) 
ftfo) = X{x) J* / \{x-y) X/2 h{x-y)-x x l 2 Ux))y x l 2 g(y)dy 
- x x l 2 ~g{x) / y x ' 2 Hy)dy - x x l 2 h{x) x (x) / y x l 2 g{y)dy 

Jx/2 Jx/2 

r-x/2 

+ / ( X (x)-x(x-y)) {x-y) X/2 g(x-y)y x l 2 f (y)dy. (2.9) 



JO 

For any p > 1, L p will denote the usual Lebesgue space. For any a > and any interval 
/ C (0, +00) we denote H a {I) the usual Sobolev space W U,2 (I). The corresponding norms 
will be denoted || • \ \lv and || • \\h<*- When dealing with functions depending on variables 
x and t we will write H° or lT t in order to indicate the argument with respect to which 
the norm is taken. 

In order to define the functional spaces that will be needed we first introduce 



A-l 



r.mm(to+fl- CA - 1)/2 ,T) \ 1/2 

V x (/,.:/„./?)- ( R-r \\Ht)\\L°°(R/2,2R)dtj (2.10) 



A-l 



to 



un(to+R- (X - 1)/2 ,T) \ 1/2 

,2R) 1 



N 2 -,a(h; to,R) = I R^ 2 *- 1 / \\D°h(t)\\ 2 L2(moD <!l | (2.1.1 ') 



r-T \ 1/2 

.V x (/,: /?)- ( / ||/»(t)|licc W2)2Jl) cttJ (2.12) 
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Figure 1: Domain decomposition for A = 1.5, to = nR ( A and i? = 2 r ' 

M 2;CT (fc; i?) = j^ 1 | ||£>Xi)||!2 W2i2i?) ^J 
Then, we define the spaces: 

\\f\\x qp (T) = sup R q M 00 (f;R)+ sup sup IF *o, -R) 

0<i?<l 0<t <TR>l 

X M (T) = {/;||/|U ?p(T) <oo} 

||/||v %( T)= sup R q M 2 , a {f-R)+ sup supR p N 2 . j>7 (f,to,R) 

q ' F 0<R<1 0<t o <TR>l 

l^(r) = {/;||/|| y . p(T) <oo}. 

We also use the following norms defined for functions <^ = (p(x): 
IIMIk P = sup {x*\<p(x)\} + sup{xP\<p(x)\} 

0<a;<l x>l 

and the next one defined for functions ip = i/)(-,t) and any T > 0: 

•,*)Hl3/2,(3+A)/2 + IMk 



(2 



(2 

(2 
(2 

(2 



<7 = SUp 

0<<<T 



3/2,(3+A)/2 



We define the space £t ;(T as 



£t-,« = {/; HI/HI. <oo} 



endowed with the norm ||| • 1 1 1^. We assume in all the paper that a is a fixed number 
satisfying 

a G (1/2,1). (2.18) 

In order to discharge the notation we will not write explicitly the dependence of the space 
£t;<t and the norm ||| • ||| CT on a unless it is needed. We will then write: 

S T . a = S T ; HI -\\\a = III -III (2.19) 



We introduce a functional seminorm that measures in a natural way the regularising effect 
of the operator C as x — > oo. Consider a cutoff function rj(x) defined as 

f 1 if xe (|,|) , 

•n{x) = I (2.20) 
I if x 0(|,4) . 

Given then a function / G £t,<t> for all R > and to £ [0, 7 1 ] we define 

F R , t0 (X, r) = r?(X) / (i? X, t + r iT ^V 2 ) (2.21) 



[/] = sup sup i?( 3+A )/ 2 x (2.22) 

R>1 0<t <T 

•.mm(to+-R-' A - 1 )/ 2 ,T) f X 1 / 2 

|F fi , t0 (A:,r)| 2 (l + |*f CT min{|fc|, R}) dkdt). 



to 



(2.23) 

The main results of this paper are the following 



Theorem 2.1 For any a G (1/2, 1), 5 > and for any /o satisfying h2.1\) and \2.2\) . there 
exists T > suc/i t/iat /or a// /z G Kw 2 2+s the Cauchy problem \2.5\) \2. b]) has a unique 
solution h in£x- a - Moreover, 



< C | \u\ |y<r 

for some positive constant C depending on T, a, 5 as well as A, B and 7 in \2. 1\) ant 
\2.2\) but not on ji. 



Theorem 2.2 For any a G (1/2, 1), 5 > and for any /o satisfying \2. 1\) and \2. 2\) . the 
solution of the Cauchy problem \2. 5|) \2. 6]) satisfies 



for some positive constant C depending on T, a, 5 as well as A, B and 7 in \2. 1\) and 
h2.2\) but not on /i. 
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Theorem 12.21 is a regularising effect for the solutions of (|2.5p (j2.6|) . The operator C can be 
thought as half a derivative as x — > oo. However the solutions of (|2.5p . (|2.6p do not gain 
any regularity for any finite value of x. The norm (|2.23[) can be thought heuristically as a 
measure of 

f(x + e)-f(x) 
e l/2 

with e > Theorem 12.21 then states that for the function h this quantity may be 

estimated by Nully* 

M " M 3/2,2+4 

We end this Section with two warning remarks. The first one is that all along the 
paper we are going to use freely the letters I\ , I 2 , • • • and J\ , J 2 , ■ ■ ■ to denote different 
integrals. These letters will be used in different arguments. They will be used consistently 
within each argument. The second remark is that, in several arguments, we shall need to 
extend to a given interval suitable regularity estimates that have already been proved in 
smaller intervals. This is done following a standard and well known procedure involving 
decomposition of the identity and is not detailed in the paper. 



3+A 

R— 



3 Interior regularity estimates for C. Some technical re- 
sults. 

In order to study the regularity properties of the solutions to the equation (|1.7p we define, 
for all e such that < e < 1: 

poo 

T £ , R {f)(x) = / (f(x)-f(x-y))$(y,R,e)dy (3.1) 
J o 

*(y,R,e) = ^ + (l-e)R^ 2 y x / 2 fo(Ry) (3.2) 
(M x/2 f)(x) = x$f{x). (3.3) 



This family of operators provides an interpolation between a half derivative operator (for 
e = 1) and the operator that we are interested in (for e = 0). We will also use the operator 

A^(£) = -V2^| 1/2 £(6- (3-4) 

We study now the interior regularity properties of the linear semigroup generated by the 
operator T £iR o M x/2 . 

Theorem 3.1 (i) Suppose that Q £ L 2 (0, 1; #£(1/2, 2)), P £ L\ (0, 1; Hl~ 1/2 (l/2, 2)) 
with a G (1/2,2), k G (0,1] and f G L°°((l/4,2) x (0,1)) n L 2 (0, 1; H l l 2 {l/A, 2)) n 
^(0, 1; L 2 (l/4, 2)) is such that f = if x < 1/8 or x > 4 and satisfies 

-± = K T £ , R (M x/2 f)+Q + P (3.5) 
for all x G (1/4, 2), t G (0, 1) and f{x, 0) = 0. Then: 

L?(0,1;H£ (3/4,5/4)) < C (\\Q\\ L *(p,l;Hg{l/2,2)) + ~ 1 1^1 l^( 0) l;fl?- 1/2 (l/2,2)) + 

L°° ((1/4,2) x (0,1))) (3-6) 
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for some positive constant C independent of e and R. 

(ii) Suppose moreover that, for some T max > 0, Q £ L 2 (0, T max ; H x (l/2, 2)), P G 
L 2 t (0,T max ;Hr 1/2 (1/2,2)), f G L°°((l/4,2) x (0, T max )) n (7/(0, T maa; ; #i /2 (l/4, 2))) zs 
suc/i i/iaf / = if x < 1/8 or x > 4 and satisfies 

-J- = T eyR (M x/2 f)+Q + P-a(x,t)f, x G (1/4,2), i > 0) (3.7) 

/(x,0) = (3.8) 

/or some function a G L°°(0, T max ;H a (1/2, 2)), a > A > 0. Then, /or a// 1 G [0, T maa; — 1]: 

/ rmm(T+l,T max ) X 1 / 2 
SUP / 11/(011^(3/4,5/4)* < (3-9) 

/ /.min(T+l,T ma:E ) \ 1/2 

C sup / | \Q(t)\ \ 2 H * (1/2>2) dt) 

0<T<T max \Jt ) 

c / |.min(T+l,T ma;c ) \ 1/2 

+C||/||L°°((l/4,2)x(0,T ma:c )) 

(in) Suppose that for some T max > 0, Q G L 2 (0,T max ; H^(l/2,2)), / G L°°((l/4,2) x 
(0,T max )) nC/(0,T max ;ijy 2 (l/4, 2))) is swc/t i/iai / = i/x < 1/8 or x > 4 and satisfies 
[57fy / TO)) witft P = and e = 0. Then 

( r mm(T+l,T max ) /• _ \ 1/2 

ly y \F(k,t)\ 2 \k\ 2cT mm{\k\,R}dk\ < 

/ /•rain(T+l,T mo:c ) \ 1/2 

C SU P / I I ?H° (1/2,2) dt ) + C 'll/llL-((l/4,2)x(0 i T ma:c )) 

0<T<T max \Jt / 

(3.10) 

where F(x,t) = n(x) f(x,t), r] is defined in \2. 2U\) and C is independent of R. 

Remark 3.2 R will be used repeatedly in the paper that the condition a > 1/2 ensures 
that the space H x is an algebra under the multiplication. 

Remark 3.3 Roughly speaking, the part (i) of Theorem VJ. 1\ provides regularity estimates 
for times t of order one. While part (ii) provides regularity estimates for arbitrary long 
times. R is important to notice that in the Theorem \&. 11 the time T max can be arbitrarily 
large. 

The proof of Theorem 13.11 is based on the classical freezing coefficients method that 
reduces the problem to the case of a constant coefficient operator. Let us then define, for 
all xq G M + the operator: 



Se,R,(t) = exp 



A 



(3.11) 
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We also define the operators: 

T^)(0 = ReW^,e,R)lp(0 (3.12) 

TM^(£) = * ImW(£, e, R)<p(£) (3.13) 

s, R) = s, R) (eT*y - l) dy (3.14) 

^(0 = /°° f (y) y X/2 (e-^y - l) dy (3.15) 



We now collect several estimates on the operators T\ and T^ which are used in order to 
obtain bounds on the operator S £j r. 

Lemma 3.4 The function W(£, e, R) defined in {3.1$ may be rewritten as follows: 

W(£,e,R) = -eV2r(l/2) (1 + isign(OM\ 1/2 + (1 - e)VrW(£/R) , (3.16) 
where the function W satisfies: 

ReW < with ReW = if and only if £ = 0, (3.17) 

a (i + , s Xi^ ^ r " /2 »' (3 - 18) 

lim W(z) = - / y A/2 /o(y) , (3.19) 



1^(01 < 1 + ^|i+ 7 /° r aU s > °- ( 3 - 2 °) 

As a consequence of these properties, the function W satisfies: 

ReW < with ReW = if and only i/f = 0, (3.21) 
and is suc/i that, for all e > and £ fixed, 

lim W(£,e,.R) = -72/2(1 + isi 5 n(£))|£| 1/2 . (3.22) 

_R— >+oo 

Proof of Lemma l3T4l Using formulas (pT2|) . (^T4"|) and (|3TT5j) properties (|3TTT|) - (|339~]) 
follow. In order to prove (|3.20p we may write: 

^'(0 = -i y X/2+1 fo(y)e- i y^dy= l - dy^^Myfje-^dy 



i 



Writing now 

2tt (n+1) 



h{y)e- i y^dy with %) = d y (y A /2+i /o(y ) 



/ h{y)e-^dy = V / %)e~^ 

JO t^Lj22^L 



n=0" ~~r 

Oq 27T (n + 1) 

£V (Ht7 +0 (eRi + mW))* 

5 Xp (° (^(i+iyi) 3 / 2+ 0) 
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Finally, properties <KTL\i and <K22h directly follow from (|3TT^(l3T20j ) . 

□ 

We collect now some regularising properties of the semigroups generated by the oper- 
ators Xq^ 2 T\ and S £>R . 



Proposition 3.5 For all a > and k G (0, 1]: 

/ S EtR (t - s) h(s) ds 
Jo 



/Vtollff* 
Jo 



ds 



f f KT 1 e x o /2KTl{t - s) h(s)d^ 
Jo Jo 



x eA(t-s) h ^ ds 



2 r t 

< C 

2 „! 

dt<C \\h(t)\\ 2 H a (R)dt 

H<*(R) Jo 

c * 



dt < 



£ 



2 , \\h(t)\\ 2 H „_ 1/2 (R)dt. 



(3.23) 
(3.24) 
(3.25) 



u 



Moreover, for all (3 £ (0, 1] and r\ a C°° function of compact support, there exists < p < 
min(cr, (3/2) such that 



\S £ , R (t) [ V ,T £ , R ]h\\ H „ m <CrP\\h\\ Ho 



(3.26) 



f 1 fT^'^-^T^ds 
Jo Jo 



ds<C 



H" 



IT- 



l a \\H°-P{ 



(3.27) 



where C denotes a generic positive constant independent of the function h of R and e but 
depending on a, (3, p and r]. 

In the proof of Proposition 13.51 we will use the following result. 

Lemma 3.6 There exists a positive constant C such that for all R > 1, e > and a > 0, 
(3 > satisfying a + (3 = 1: 

\W(C,e,R) - W(z,e,R)\ < C^^i 1 + \W(z,s, R)\) a (l + \W^,e,R)\f (3.28) 

for all z £M and £ E R such that \z\ > 1 and |£| > 1. 
Proof of Lemma 13.61 

W(£,e,R) = -eV27r(l + isign(£))\£\ 1/2 + (1 - e)y/RW(£/R). 

The following estimate can be readily obtained studying separately the cases sign({;) = 
sign(z), sign(£) = —sign(z) 



\sign(HM 1/2 - signal 1 / 2 ] < 2 — 



\t-*\ 



|£|l/2 + \ z \l/2 



Therefore: 



^(l + isign{£))\£\ 112 - eV2ir (1 + isign(z))\z\ l / 2 \ < Ce— 



|£|l/2 + | z |l/2" 
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Using then |W(-z)l > 2 s/n ' e \z\ l l 2 we obtain: 



\eVJ^ (I + isign(C)M\ 1/2 - ey/2n (1 +isign(z))\z\ 1 / 2 \ \£ - z\ 



(i + iw^)ini + |w^)i) /3 _ ww 

In order to prove a similar estimate for W we consider the following cases: 

(i) |f | < 2R and \z\ < 2R, 

(ii) |f | > R/2 and |z| > R/2 

(iii) |f | > 2R and \z\ < R/2 

(iv) \z\ > 2R and |f | < R/2. 
In the case (i) we have: 

diei 1/2 < i^r ^ i < c 2 |^i 1/2 
^r 1/2 <i|^(|)i<c 2 ir 1/2 

and similar estimates also for z. Defining g = \fR W ^jQ we have by Taylor's theorem: 



\g 2 (0-9 2 (z)\ < [ \g(v)\W(v)\dv<C\Z 

J z 



Then 



whence: 



\g(0-g(z)\ < 



g(0 + g(z) 



,r, l 



and the conclusion follows as above. 



< C 



|f |l/2 + | z |l/2 



If condition (ii) holds, suppose first that sign!; = —signz. Then, |f — z\ 
and 



|{| + M 



<cVr. 



Using Young's inequality: 



Ifl + M 



> C > 
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for a positive constant C = C(a,/3), we deduce: 



<CR a ' 2 RV 2 



\Z\f>\z\°> 

<c^^^+\w(z)\ni+\w(o\f- 

Suppose now, still under assumption (ii), that sign^ = signz. Then, using (|3.20p we have 



< C 



R l ' 2+a 

H 



Q+l 



for all rj > R/2. Using Taylor's theorem it then follows that: 



\Vrw ($) - Vrw {£ 
VR (w (i)Y (w (£ 



< R c 



drj 



Therefore, if |f |/2 < \z\ < 2|f | then 
R 

Otherwise, 



2 <R^ 



l+a 



a+1 



< 



< a 



The cases (iii) and (iv) can be treated equivalently. In both cases we have 

^ > d > 0. 



Moreover, in the case (iv): 



< C 



< c 



\z 



a/2 



<C ] -P-<C; 



And this ends the proof of Lemma 13.61 
Proof of Proposition 13.51 



1— a|£|a 



< c 



\z-£\ 

z |l-a|^|a- 



S e .R(t - s) h(s) ds 



C 



t i-t 
o Jo 




JI r - 

A/2 , 



A/2 ~ 



□ 



<C/(1 + |C| 



s\2 



xe 4 /2 its 2 )T^) e -4 /2 (^)T^) ^ ^ dsi ds2 di 

\ 2 I* 

fc(f,si) dsi d£<C 



x A/2 (t- S1 )T!(O 







2 



dsi, 
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which proves (|3.23|) . 

We prove now (|3,24p . To this end let us define the function 

<p(x,t) = [ e x a /2KTlit - s) h(s)ds 
Jo 

which verifies: 



-j^ = x^ 2 kTi{lp) + h(x, t), t>0, x > 0, 
(p(x,0) = 0. 

Multiplying this equation by —kT\M 2(T in L 2 (M) where M is the multiplier operator 
associated to the symbol |£| we obtain: 



k d 



—m^irT^MW) + 1^(^)1 |£ 2(K) < K ||M CT r 1 H|| i2(R) ||M CT / l || L2( 



.2 A/2 



2dt 

whence: 
k d 



< 



2x 



A/2 



\\Hs)\\ 



2 A/2 

^H|M CT (T^)|| 2 



2 A/2 



1/2„J|2. , K X 



2 ^||Ar(-r 1 )vviil a(R) + 2 



|ikT(r l¥ ,)|| x2{M) < ——ll^)!^ 

2x n ' 



The result follows integrating in time and adding the corresponding inequality for a = 0. 
The proof of is similar. We multiply the equation by -M 2 ^ -1 / 2 ) A in L 2 (R) to 

obtain: 



1 d 
2dV 



Using Young's inequality and integrating in time we obtain (|3.25p . 
We prove now (|3.26j) . By definition: 

Wv(0= / K(£-z)(W(z,e,R)-W(S,e,R))<p(z)dz 



where K(z) 
such that: 



Therefore: 



f}{z). Since the function r/ is C°°, for any m > there is a constant C„ 



mm < 



l + l€l r 



for all ?£R. 



(3.29) 



\\S EjR (t) [v,T Et R]h\\ 2 HtT{R) = 

I e -2t|i?eH/(OI( 1 + |^|-)2 I K(£-z)(yV(£)-W{z))<f>{z)dz 
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We split the integral in two pieces: 

\\S £)R (t) [ V ,T £>R ]h\\ 2 Ho 
The first term is estimated by: 



J\t\<y J\a\>i 



ICI<1 



< c 



ICI<1 

< c 



i + ie-^i 

Cm 
1 + |z| m -V2 



-(l + H 1 ^)!^)!^ dC 
|^)| cteV < ciMii,. 



(3.30) 



In the second term we have: 



/ [■■]di<2[ e- 2t \ ReW ^\{l + \t\°)\[ [...}dz) 2 d£ + 

J\£\>1 J\£\>1 J\z\<l 

+ 2 f e- 2i »i(i + ier) 2 ( / [• • • \dzfdi = j 1 + j 2 . 

J\£\>1 J\z\>l 



'ICI>1 

We estimate J\ follows: 



Ji<c [ (i + ier) 2 (/ T 



-{l + \^l 2 )\0{z)\dz) 2 d^ 



< C 



I 

J £\ 



1 



'ki>i a + iei 

It only remains to estimate J2. 



2m-l-2<j^ 



\<p(z)\dz\ d(<C\\<p\\ 2 L2 . (3.31) 



J 2 < 



iei>i 



e -2t\ReW(0\( 1 + ^2 I K(Z-z)(W(Q-W(z))<p{z)dz\ d£ 



l*l>i 



[ e -2t\ReW(0\ {1 + ^ n 2 ( 



(W(0 - W{z)f dz 



Using Lemma 13.61 

J 2 < C\\<p\\ H .- P 



I e - 2t \ ReW ^\(l + W) 2 ( I 
J\Z\>X \J\i 



|>! (l + |£-z| m ) 2 (l + |z|^-P) 2 



< CM\ H ,- P r 2f3 x 

2(7 



I5l>i 



lei- 



i>! (i + ie-^r) 2 
iw(oi 2/3 i^(z)i 2a ^ 

| Z |2«|£|2/9 (1 + | Z |»-P)2 

|W(z)| 2a \ 



di 



\>i (1 + if - ^i" 1 - 1 ) 2 m 2q |£ p (1 + \z\°-p) 2 



di 



where we have used that, for all £ £ R and all i > 0: 

e -»l*.v(OI KO |V<^. 



(3.32) 
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Using now that |H^(z)|/|z| < \z\ 1 ^ 2 we deduce 

We change the order of integration and rewrite the resulting integral as 



j|^i>i (i + IC-^l j 7|e[>i, [€i<8[*i J\z\>i, \t\>&\z\ 

h + h- 



In the second integral we have |£ — z\ > C|£| and therefore: 



Jm>i.m>B\z\ (i + ie-^r- 1 ) 2 - L 



to, iei>sw (i + If - ^l™- 1 ) 2 " 4>i, [ei^N l^l 2(m " 1} 

< c\z\ 2a - 2f3 - 2m+3 < C\z\ 2{(T -P\ 
assuming that m is large. In the first integral 

J\g>i, i€i<8w (i + k - *M a - 1 1 4i<i, ici<bi«i a + if - ^r- 1 ) 2 

Then 

h + h< C\z\ 2 ^ 

and 

\i\>l \J\z\>l {l + \i-z\ m - l ) 2 \z\« (i + \ z \°-P)2) ~ 1 

This integral is bounded as soon as 2p < [3. This concludes the proof of (|3.26p . 
In order to prove (|3.27|) we estimate its left hand side as: 



1 dt f ds [ e- 2 ^ ReW ^{l + \t\ 2 °)\W{H)t 
Jo JR 



K(£ - z)(W(0 - W(z))h(z, s)dz 



d{ 



arguing as in the proof of (|3.30|> and (|3.31f) we obtain that 



1 dt f ds [ e - 2 ^ ReW ^(i + \£\ 2a )\W(0\ 
Jo Jm. 



2 X 



lnun(|€[,[z[)<l& ~ *)(W(Z) ~ W( Z ))h(z, S )dz 



di<C j \\h(s)\\l Hm ds. 

(3.33) 
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On the other hand, 



dt ds I < 

(! JO J\£\>1 



-2(t-a)Re 



W ^(1 + \^)\W{0\ 2 x 



• / K{£- z)(W{£)- W(z))h(z,s)dz d£ 
kl>i 

< I 1 dt f ds f e -2(t-)W(0( 1 + x 

JO J|£|>1 

x / \K(t-z)\\W(0-W(z)\\W(z)\\h(z,s)\dz 
kl>i 

+ / dt ds 

o Vo ^|?|>i 

2 



e -2(t-*)^«)(l + |||^) x 



X 



^ = 7i + / 2 . 



Arguing as in the derivation of (|3.26p we obtain 



1 rt 



h<C dt ds 



1 f 

• T — -r0\\Tih(s)\\ Ha{M .) <C \\Txh(s)\\ mm ds. 
>o Jo K 1 - s r Jo 

On the other hand, in I2 we use f)3.28[) and formula (|3.32|) . to obtain: 

h < Cdt /%|T^( S )|| 2 [ e-W-^iwm^*^ x 
Jo Jo x J\£\>i 



\t-z\ 4 \W(0\ Af3 \W(z)\ 



ia-2 



dz 



>i>i(i + K-*l n ) 2 iei 4/3 

<^ dt J d S \\T x h{s)\\ 2 Hi 



|4o 



\2a-2p 



2cr 



l?l>l(*- S ) 4/3 



di x 



\2a-l 



1 



-fo dt ll dS {t-s)V 

<C [ \\TMs)\£ L-pda 
Jo x 



\\Tih(s)\\ 



ICI>1 



lgl 2p 

|^| 3+2/3 



(3.34) 



(3.35) 
□ 



Combining (T37331 . (13341 and ([3T35J) . (g^7|) follows and then Proposition 
We will also use the following Lemma. 

Lemma 3.7 Let a £ C^°(0, +00) and Eq > such that supp a C (xq — £q, xq + eq) and 

_ (i n a(x) 



fix™ 



< C n eoi /or aZZ x > 



(3.36) 
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for some positive constant C n independent of 8q . Then, there exists positive constants K 
and C £o , with K independent of Eq, such that 

I|a/Il/^(IR+) < Ke \\f\\ H <, ( p+ ) + C £o ||/|| L oo (]R +) (3.37) 

\\ T l a f\\H°{R+) < Ke ||^l/||^(R+) + Ce ll/llL oo (M+)- (3.38) 

Proof of Lemma 13.71 Let us consider the function m(k) that will equal to one in the 
proof of (13371) and \Re{W{k,e, R))\ in the proof of (1X381 where W{k,e,R) is defined in 
([57TB]) . Due to the hypothesis ([5755]) : 

C f 2 

|3(*0I < rr^- for all k G R (3.39) 

1 Wl - l + |fe | n 

We proceed to estimate 



J 



dk 



|fc|<i 



dA; + / [• • • ] dk = Ji + J 2 

l>l 



(3.40) 
(3.41) 



The term J\ is estimated as follows 

|J 1 |<C||/||| 2(R) ||S|Ux<C' £o ||/||| 2(K) (3.42) 
for some positive constant C independent on eq. On the other hand, we split J 2 as follows: 
I h | < J 2 ,i + ^2,2 (3.43) 



^2,1 



2 1 1,1 2o- 



|m(Jfe)H*;| 



|*|>i 



I5l<i 



J- 



2.2 



2 I LI 2(7 



[fc[>l 



|ro(fc)r|fc| 



ICI>i 



a(fc-o/(£K 



r/A- 



drv. 



(3.44) 



(3.45) 



To estimate J 2] i we use that, for \k\ > 1 and |£| < 1, one has \m(k) — m(£)| < C(l + m(/c- 
£)). We deduce that in the same range of k and £: 

|m(fc)|fcr - m (OI?ri < C(l + |/c - CD(1 + m(Jfe - £))• 



Then, since |m(Jfe - £)| < C(l + 

we obtain: 



h,l < C £0 ,n / / T 

■/|*i>i V^ici<i 1 



1/(01 



r de < C' _ ||/|| L2 



(3.46) 



where C e0jra and C' s n are constants depending on n and e and using Young's inequality 
in the last step. Consider finally J 2 2 . To this end we notice that, using (|3.28p for the case 
when m(k) = \Re(W{k,e,R)): 

\\k\ a m{k) - \i\ a m{i)\ < \k\ a \m{k) - m(0| + ||£f " ™(0 
*\t-k\ 



< 



lei 



+ |fe - ^rm(o 
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whence, using once again \k\ < \k — £| + |£|, 



\\k\ a m{k) - \^m(0\ < C ( |fc j, 1 ^ 1 + |/C jp l<T + | A: - ) m(£) 



and then, 



J 2l 2 < 



|fc|>l 



lfl>l 



I>1 



a(fc-om(oier/(o^ 



dk 



i + iei 



CT-l 



KI>1 1 + 1*: - £l w 



7m(oier/(o^ 



dfc. 



Using Young's inequality we obtain 

^2,2 < ^0 ||^l/||^(R) + C eo \\Tif\\ H ^-i)^ 



^2,2 < Kea 



OWJ \\H° 



+ c £ 



(R) if m{k) = \ReW\ (3.47) 
ifm(Jfe) = l. (3.48) 



Combining (|3.42p , ()3.46p , (|3.47p , ()3.48p and a classical interpolation argument to estimate 
the norm 

(R) by the L°° and H a (R) norms the Lemma follows. □ 

Lemma 3.8 Let n be a C°° compactly supported function in K + . Then, for any a > 
there exists a positive constant C such that for any h G H a (M.), for any R > and any 
e > 0: 



h(x - y) (rj(x) - r](x - y)) $(y, R, e) dy 



< C||/l||//a( R ). 



where <&(y,R,e) is defined by h3.$fy . 



Proof of Lemma 13.81 We define three functions M(x,y), P(x,y, R,e) and Q(x,R,e) as 
follows 

Q(v) = V*(y,R,e) 

tj(x) - 7](x - y) 



M(x,y) 

y 

P(x, y) = (n(x) - rj(x - y)) R, e) = M(x, y) Q{y). 



(3.49) 



Where the dependence of P and Q on R and e is not explicitely written by shortedness. 
Notice that M(x, y) G C°°(1R xK). If we suppose that the support of rj is contained in an 
interval I C M + , then the support of m is such that: 



supp (M) C I x M+ U { (x, y) £ K + x K+; x - y G /} . 
Our goal is then to estimate estimate the the H u+1 / 2 norm of 



(3.50) 



B{h) :- 



h(x - y, s) (r](x) - r/(x - y)) R, e) dy 
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which we write: 



1^)11^+1/2, 



l (1 + | er+ l/ 2) 2|^- )(6 |2^ 

Jr 



1 




2tt jr jr jo 

P(£ - r],rj)h(r)) drj 



in(x-v)M(x, y)Q{y)e~ ix t h{jj)dy drj dx 



where 



%i,C 2 ) = ^ / e-^^+y^P(x,y)dxdy 

2?T JR2 



(3.51) 



is the Fourier of the function P with respect to the two variables x and y. 
Notice that: 



\B(h)\\ H * + V* ( 



(1 + 1^+1/2)2 



p(v - C, -v)Kv)dv 



We now proceed to estimate the function M. For any m = 0, 1, • • • there is a positive 
constant C m , independent of R and e, such that 



d m M(x,y) 



dx r 



< 



for all (x,y) G in supp(M). 



(3.52) 



On the other hand, there exists a positive constant C independent on R and s such that 
for all y eR + : 



\Q(y,R,e)\ < 



C 



(3.53) 



Combining Q53gp , (|3"3Tj) . (|332]) and ([533"]) we deduce that F(x,y) is integrable in M 2 and 
then P is a well defined and bounded function on M 2 . 

Moreover, we can also deduce decay estimate for P for + — ► +oo. To this end 
we integrate by parts in formula (|3.5ip 



P(Cl,C2 



2vri«Cf Jo 



-K2 y 



Q(y,R,e)S n (Ci,y)dy 



where 



S n ((i,y) 



_ tClX d n M(x,y) 



dx r 



dx. 



(3.54) 
(3.55) 

(3.56) 



Differentiating (|3.56p with respect to y and integrating by parts, it easily follows that the 
function S n are such that, for all m = 0, 1, • • • , k = 0, 1, • • ■ there is a positive constant 
Cfc mn , independent on i? and e satisfying, for all £i 6 M + and y € M + : 



3 fc S n (Ci,y) 



< 



Cfc,m,n 



(i + lvl)(i + ICi|) T 



(3.57) 
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Let us consider the behaviour of P with respect to (2- Using f|3.54|> 



P(ClX2) 



+ 
+ 



e 


27T i n 


An 
Si 


(1- 


e) 


2iri n 


An 
Si 


1 




2ni n 


An 
Si 



-^J-S n (Ci,y)eft/ + 

yl/2 

1 



2vr i" Ci 



-(Ji + J 2 + J 3 ).(3.58) 



In order to estimate the term Ji we rewrite it as follows: 



y 



A/2 



1/2' 

C: 



e-^-^n(Cl,0M/+ / e -< 22 /^_(5 n(Cl)2/) _ 5ri(Cl) 0))dy 



■' iz dz 



A/2 



+ 



yl/2 

e-^y^-iSniCuy) - S n (Ci,0))dy. 

yl/2 



C 2 

The integral J"^ 2 e -42 ^^ is uniformly bounded for (2 £ M. On the other hand, due to 
(|3.57p we have that 



d ( 1 



(S n (Ci,y)-Sn(Ci,0)) 



< 



7^' 



Integrating by parts we obtain the existence of a constant C such that for all (2 £ M: 



^^(5„(Ci,y)-5 n (Ci,0))dy 







< 



C 



I + IC2 



for all C2 £ 



Therefore: 



Mi|< 



C 



I + IC2I 1 / 2 . 

We use similar arguments to estimate J2 that we write as follows 
J2 = S n (CuO)j\-^y(R^^y^f (Ry))dy 

+ J y (i?(3+A)/2 y i+x/2 MRy) ^ {Sn{Cij y) _ Sn fa,0)) dy 
= h + h- 

The term I2 may be estimated as above since ()3.57f) gives: 
d 



dy 

using that 



R {3+x)/2 y 1+x/2 fo(Ry)) (S n (Ci,y) - S n (d,0)) 



d_ 

dy 



<Cy- l l 2 , y6 [0,1] 



R {3+x)/2 y 1+x/2 MRyj) (S n (h,y) - S«(&,0)) 



fo(Ci>v) - ^(Ci,0)) ^ [(^ 3+A )/V +A/2 /oORy) 



+ 



fl (3+A)/2 y l+A/2 /o(12y) j _ [( 5n ( Cl>1/ ) _ 5 n (Cl,0))] 
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as well as the bounds on /q and f' Q . 

C 



\h\< 



I + IC2 



We use in I\ the change of variables rj = QiV and the auxiliary function g(y) = y 1+A / 2 /o(y) 
to obtain 



h 



_Rl/2 f Q. 

0. 



2 JO 



e~ tr >g 



C2 / K2 Jo 



-11] 



R , fRrj 



C2 J VC: 



r/r/ 



after integrating by parts. Then, there is a positive constant C independent on R and e 
such that for all (2£M 



\h\< 



C 



l + ICsl 1 ^' 

whence, combining the estimates for I\ and 12- 

We estimate J3 integrating by parts and using (|3.57j) : 

1 



\J 3 \ <c 



whence 



l^(Ci,C 2 )| < 



1+IC2I' 



c 



(i + idr)(i + ic 2 i 1 / 2 )' 

To conclude the proof of Lemma 13, 81 we bound the norm of B{h) in H a+ 



as follows: 



\\B{h)\\^ +1/2 



< /(i + ier 

JR 



Jr 



P(£ — rj, rj)h(rj)dr] 



(l + |^_ e |m )(1 + N l/ 2) 



< c 



< c 




(1 + j| - V\ a+1/2 + |r?r +1/2 )fe(??) 
(l + |r ? -e| m )(l + |r ? |V2) 

2 



(1 + H")M7/) 

(l + |r/-er) 



< c\\h\\i 2 n(i + 1 • r m ')iii 1(M) + c\\h\\i„ n(i + 1 • |- m )" 2 



where we have used Young's inequality in the last step. 



□ 
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4 Interior regularity theory for the operator C. 

We start with the proof of Theorem 13.11 

Proof of (i) of Theorem 13.11 We apply now the classical method of freezing coef- 
ficients. To this end let us call x a C°° function such that 



X{x) 

We define f(x) = x( x ) f( x )- Then, for all 
dt 



' 1 if x e (5/8,11/8) , 

(4.1) 

k if x 0(1/2,2) . 



% = KT EiR (M x/ J) + « / ( X -y)^f( X -y)( X ( X )- X ( X -y))^y,R,e))dy + 







+x(x)Q + x(x)P 



= K T E>R (M x/2 f) + Q + P 

Q = Q1 + Q2 

_ r°° 

Qx = k (x - y) x/2 f(x - y) (x(x) - x(x - y))^(y,R,e)dy 
Jo 

Q2 = x{x) Q 

P = x (x)R 
It is readily seen that 

II ( 3i||l°°((0,1);VK 1 '° o (M)) < C k II/IIl°°((1/4,2)x(0,1)) ( 4 - 2 ) 
Equation (|3.5p may be written as 

d£ _ A/2 
dt X 



KT E , R [f)+KT E , R l(M x/2 -M w )f)+Q + P (4.3) 



where M A/2j0 /(x) = x X/2 f(x). 

Fix now a new cutoff function rj such that 

{1 if \x — xq\ < 5, 
(4.4) 
if \x- x Q \ > 25. 

with 5 such that 

\x x / 2 — x X ^ 2 \ < eo, for \x — xq\ < 25. 

with eq small enough to be chosen later. If we multiply the equation (|4.3p by rj and denote 
/ = rjf we obtain: 

^ - Xq^ 2 k T eR (J) = k V (x)T e>r ((M A/2 - M A/2j0 )/) + ti(x)(Q + P) 

A/2 







+ "0 / f(x-y)(ri(x)-Ti(x-y))$(y,R,e)dy (4.5) 
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We have the following representation formula for the solution / of (|4.5p in L 00 ((1/4, 2) x 

(o,i))nL 2 (o,i;ff 1 / 2 (i/4,2))nff 1 (o,i;i 2 (i/4,2)) is : 



/OM) 



S £ ,fl(«(t - Q(s)+P(s) ds + 



(4.6) 





S E>R (K(t - a)) [ V (x)T £tR ((M A/2 - M A/2)0 )/) (s) 

/»t /"Cxj 

+ kxq /2 S e>R (n(t-s)) f(x-y,s)(r](x)-r)(x-y))$(y,R,E)dyds 
Jo Jo 



f 1 (x,t) + f 2 {x,t) + f 3 (x,t) 



(4.7) 



for all x G R. This follows from the fact that the unique solution / in the space 
L°°((l/4,2) x (0,1)) nL 2 (0,l;i7 1 /2( 1 / 4)2 )) n fl^O, 1; L 2 (l/4, 2)) of: 



•9/ A/2 



at 

/(o,x) = 0, 



V KT e , R (f) = G(x,t) 



(4.8) 



where G G £°°((0, 1) x (0, +00) and / and G compactly supported in (1/4,2) x (0, 1), is 
given by Duhamel's formula. The uniqueness of / can be obtained by taking the difference 
of two such solutions and taking the scalar product of (|4,8p with that difference in I? . 
Such computations are possible by the regularity that is assumed on the solutions. 



C lll_H" CT (R) ^ & ll 7 ? ( 5ll^(R)^' s l + C 



SeM^ ~ s ))v{ x ) P( s ) ds 



(4.9) 



H° 



Let us estimate the second term in the right hand side of (|4.9|) . Formulas (|3.ip and (|3.4|) 
imply: 

2 



S £ , R (K(t - s))rj(x) P(s) ds 



< 



f 

Jo 



-V2T(l/2)e K Id V2 (t _ s) |r? g) ! ^ + )2 



Integration in time and (|3.25|) yields: 



II/i(*)IIh ct (ir) 



dt < c 



\vQ(t)\\H°(M.) dt + 



c 

-1 l.'2 



\nP{t)\\H-x,* ( 4 -!0) 



In order to estimate the term corresponding to / 2 we first write 
n{x)T £>R ((M A/2 - M A/2i0 )/) = T £iR (r,(x) (M A/2 - M A/2>0 )/) + [ V ,T £>R ] ((M A/2 - M x/2fi )f 
where [77, T £tR ] is the conmutator of T £tR and the multiplication by r\ 
fa T e ,r] (<p)(x) = 770*0 T £}R (ip)(x) - T £ r (77 <p) (x) 
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Therefore 



« J S £>R ( K (t - a)) [v(x)T £:R ((M A/2 - M A/2i0 )/) (s) 
k f S EiR {K(t - s)) [T £:R ((M A/2 - M A/2iQ )7) (a)] 

JO 



+ k J S E>R (K(t - a)) [rj,T E>R ] [{M x/2 - M A/2)0 )/J 

= ^2,1 + /2,2 

where we have used that rjf = f. Let us denote 

*(x,s) = (M x/2 -M x/2fi )J(s) 
and define the operator M as: 



(4.11) 



(4.12) 



Then: 



/2,l(0 



< c« 2 



t ft 



o •/ o 



xe ^ /2 K (^ S2 )T 1 (O e -x f y 2 K (t- S2 )T 2 «) ^f(*)(e, s 2 )) d«i ds 2 



< cu 



c 



s£ /a *(t-«)Ti(€) 



K / e x o /2K (*- s ) Tl ^T 1 (M(^))(s)^ 



where we have used that \W((,e,R)\ < C\ReW(^,e,R)\ = CTi(£). Therefore using 



P 2,i\\ 2 H<?(mdt < C 



JO 



< C jf ||M(*)||| CT(R) d s = C ^ ||*||| CT(R) d s . 



The function , 3> may be written as ^(x, t) = a(x) f(x,t) with a(x) = r?(x) (x A / 2 — Xq 7 ' 2 ) 
where 77 is a cutoff supported in the interval \x — xq\ < £0 an d rj{x) = 1 in \x — xq\ < 25 
where 5 is given in (|4.4p . Notice that a may be assumed to satisfy condition (|3.36p . 
Lemma 13.71 then implies: 



|^||ff£(R) < Keo\\f\\H" + C||/||l°°(Rx(o,i)) 



(4.13) 



where the constant C here and until the end of the Proof of Theorem 13.11 may depend on 
£0 but K independent on it. We have then obtained: 



ll/2,ill^(R)^<^o / ||/(s)HW)ds + C||/|| 



"F/„M|2 



mi 2 

oc 



(4.14) 
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We consider now f 2 2- Using, (|3.26p we have: 



< Ck 1 ^ f\t - s)-P\\ (M A/2 - M 0iA/2 ) f\\ H ,- Pm ds 



r 2,2\\H S ( 



and by (|4,13p with a replaced by a — p : 

II7 2 , 2 II^(R) < C^ 1 "^ - S )-^||/||^_ P(R) d s + C^ 1 "' 3 ||/|U^ (R)X(0 , 1) . (4.15) 

Squaring and integrating (|4.15p and adding to the results for [3 small estimate, we obtain 

J \\f2( s )\\ 2 H S ^)ds < e J \\f(s)\\ 2 H , {R) ds + C J \\f{s)\\ 2 H ,- P(R) ds 

+C||/ll« ( 4 -!6) 
The last term / 3 is estimated as follows. Using Lemma 13.81 we obtain 

f(x - y, s) (r](x) - r](x - y)) R, e) dy 
Then, (|3.23|) in Lemma 13.51 and an interpolation argument yield: 

Il7 3 ll/^(R) < Ck \\f(s)\\ H (v-i/2) +{R) ds 







<C||/|| H(< ,-i /2)+(R) . (4.17) 

m(M) 







whence 

-1 rl 



J Wf3(s)\\ 2 Hsm ds < Ck 2 ||/( S )||^- 1/2)+ d S + C K 2 ||/||L. (4.18) 



Adding (|4.10|) . (|4.16|> and (|4.18|> and using p < 1/2, we deduce: 



l i-i ft 

"?/„Ml2 ^ _ / I |-F/-„M |2 



||/(s)||^(M)<eo / ll/(«)ll^ W +C/ ll/(«)ll^-p W ds 
o Jo Jo 



C yjl^O|||r^ + ^ll/ili-(D l x(o,i)) + ^2 j[ \\vP(t)\\ 2 H *-i/2- 
Choosing eq small enough: 



ll/WII^(K)<^j[ t |l/WII^(ii)*» + c , j[ II^QIlW)^ + cil7lll- ( Mx(o,i)) 



+#2 rii^wii^- 

e K Jo 



Using a partition of the unity °f the interval (1/2, 2), and adding the contributions 

of all the terms we obtain: 

1 \\f(s)\\ 2 H<rm < C J* \\Ks)\\ H .- m ds + C j\\Q\\ 2 H „ m ds + C||7||i oo(Rx(0il)) + 



H p (*C-v» ( 4 - 19 ) 

£ K JO 
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where the constants C depend on 5. An interpolation argument then implies: 



c r\ iin 

1/2 



e t Jo 

whence part (i) of Theorem 13.11 follows . 

Remark 4.1 Notice that in {^.11$ , we estimate the H a norm of f 2 i in terms of the H a 
norm of f, not of f. 

Remark 4.2 In the estimates of f j, j = 1, 2, 3 the term / 21 is the only one where we are 
using the continuity in the freezing coefficients argument to obtain \J^.1J^ . 

Proof of (ii) of Theorem 13.11 In order to prove part (ii) we first notice that the 
equation satisfied by / is: 

Q -l - x X /2 T £tR (J) + a(t)J = n(x)T £)R ((M A/2 - M A/2)0 )/) + rj(x)Q + rj(x)P 

poo 

+ x X Q /2 / f{x - y) (r](x) - V (x - y)) $(y, R, e) dy - (a(x, t) - a(t)) J (4.20) 
J o 

where xq and n have been chosen as before and where a{t) = a(xo,t). Then: 
J(x, t) = J u(t, s)S e , R (t - s) (p(x) Q(s) + rj(x) P(s)) ds + 
+ J u(t, s)S £jR {t - s) [v(x)T £jR ((M A/2 - M A/2)0 )/)] ds + 

pi poo 

+ x o u(t,s)S ejR (t - s) f(x-y,s)(rj(x)-rj(x-y))<^(y,R,e)dyds 
Jo Jo 
t _ 

u(t, s)S £tR (t - s)(a(x, t) - a{t)) f(s) ds 

o 

= 7i(x, t) + J 2 (x, t) + J 3 (x, t) + / 4 (x, t) 

where we have defined: 

u)(t,s) = e -£°W dA (4.21) 

We estimate first the term with f 1 . If T < 1, then the same argument of the proof of 
point (i) shows that 

,T+1 _ \ 1/2 / ,2 \ 1/2 

J t WhWWh*) ^ (j ll/i(*)ll!rs*J 

/ r 2 ~ \ 1/2 c ( r 2 ~ \ 1/2 
<c[J \\Q{t)\\h dt ) + ^{J ll p (*)H 2 H^J -( 4 - 22 ) 
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If T > 1, using the change of variables: t = (T — 1) + r we write 

\\J*u(t,8)S e , R (t- a )7,{x) (q(s) + P(«)) ds|&„d^ 

[T] / r T+1 r n f~ ~ \ \ 1/2 

< J2[J T WJ ^(t,s)S E , R (t-s)r l (x) (Q(s)+P(s)) ds\\ 2 H „dtj 

(T+l t \ ^^ 2 

jf \\J u>{t,8)S e ,R{t-s)Ti(x) (q(s) + P(s)) dsll^rftj 

= h + h. 

The estimate of the term I2 follows as in the proof of point (i) of the Theorem and gives 

/ f-T+l _ \ 1/2 p / .T+l \ I/ 2 

^< C [J T IWWII^J + 7 (j( T IIWII^-i/ a J • 

To estimate ii we argue as follows. Changing the time variable t as i = r + (T — n) and 
obtain: 

in / 

/l = E / 11/ ^ + (T-n), S )S £ji? ((T-n)+T- S )x 

n=1 \-/n Jn—1 

x V (x) (Q(s)+P(s)) ds||^ CT dr) 1/2 

\ V2 

-^(y 11 / ^( T + ( T - n )^) S eMr-s)v(x) (q(s)+P(s)) ds\\ 2 H ,drj 
since ||<5 e (T — n) h\\w < \\h\\H° because T — N > 0. We use now that for each n 
/ || / Lu(T + (T-n), S )S £:R (T-s)r ] (x) (q(s) + P(sj) ds\\ 2 m dr 

Jn Jn-1 V 7 

rn+l /*r 

< / || / w(t+ (T- n),n)u(n,s)S EjR (T - s)i](x) x 

Jn—1 Jn—1 

Xl(n-l,n)(s) (GOO + £(*)) ^Htf^T 

< Ce- 2 ^-™) l(„_i > „)(s)w(n, a )||Q||^d S + 

1 /" n+1 ~ \ 

+ 72 / 1 (n-l,n)(*)w(n,s)||P||^_ 1/a ) 

£ Jn-1 J 



rn /~i —2A(T—n) rn 
< Ce -2A(T-n) / ||Q||2^ + ^_ / ||p||^_ i/2dS) 

Jn-1 £ Jn-1 
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whence: 

l T ] , rn X 1/2 / ,T+1 _ \ l ' 2 

h+i2<cj2^ A{T ~ n) [j n mhdsj + c [j [T] \\Q(s)Wh») 

r I T ] / rn \ 1/2 r ( rT+l \ 1 / 2 



<[T] 

T+l \ 1 / 2 q / r T+l \ V 2 



< C sup ( / HQH^ds +- sup / ||P|| 2 H a-l/2 ds 

0<T<T max \Jt J E 0<T<T max \Jt 

and 



r-min (T+l,T max ) _ \ 1/2 

sup I / \\fi(s)\\ 2 Ha ds} < 



0<T<T max \JT 



I r mm(T+l,T max ) _ \ 1 / 2 

<C sup / \\Q\\ 2 H°ds 

0<T<T max \Jt 



q I rrom(T+l,T max ) _ \ 1/2 

+- sup / \\P\\ 2 H „_ 1/2 ds\ (4.23) 



The term f 2 is written as f 2 = fi \ + fi 2 where / 2 1 and / 2 2 are defined as in (|4.1ip . We 
first estimate f 2 1 • Consider then 

T+l r-t \ 1/2 

|| / u(t,s)S E , R (t- s)[T £tR y(x,s)} ds\\ 2 H „dt) 

T JO J 

[ T ] / rT+l rn \ V 2 

< E(/ T 11/ ^(t, S )S e , R (t-s)[T e ^(x,s)]ds\\ 2 H „dtj 

+ (j^W J^(t,s)S EyR (t- s)[T e , R *(x,8)] ds\\ 2 H )j 
= h + h- 

Arguing as in the derivation of (|4.14|) we obtain that there exists a positive constant £0 
that can be chosen arbitrarily small if 8 is small enough, and such that: 

/ rmm(T+l,T max ) _ \ 1/2 _ 

^2<eof/ T 11/0**1 +C||/||ioc. (4.24) 

In the first term I±, we change the time variable t as t = r + (T — n) and obtain: 

PI / rn+l rn \ V2 



/ rn+l rn \ 

h<J2[ 11/ w(r + (T-n),«)5 e , fl (r + (r-n)-a)[r e ^*(a;,8)] ds^dr) 

<E / 11/ u(T + (T-n),s)S e , R {T-8)[T etR *{x,s)]ds\\ 2 H ,dT) 

n= \ \Jn Jn—1 J 
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Arguing again as in the derivation of (j4.14j) we obtain, for eq defined as above: 

rn+l rn 

/ 11/ u{T+(T-n),s)S EtR (T-s)[T EtR y(x,s)] ds\\ 2 H .dr 

Jn J n— 1 

rn-\-l pr 

= 11/ ^0" + (T~ n),s)S EtR (r - s) [T E)R (l (n _ ljn) (s)^(x, s))] ds\\ 2 m dr 

U£j\j\\%, ds+aii/iii-V 



< e -2A(T-n) 

Therefore 



m , rn N 1/2 m 

h<eo^- A{T - n) { \\l\\ 2 H«ds) +CY: 

n=l \Jn-l J n=1 

( r mm(T+l,T max ) _ \ 1/2 _ 

<e sup / WfWl^ds) 



e -A{T-n)uJu 



0<T<T max \JT 

whence 

/ rmin {T+l,T max ) _ \ 1/2 

h + h<£o sup / \\f\\ 2 H°ds) +C\\j\\ L .- 

0<T<T max \Jt J 

We then obtain the estimate: 



/ rmm(T+l,T max ) _ \ 1/2 

sup / \\f2,i(s)\\ 2 Hr rds 

ax \ *> 1 i 

( r mm{T+l,T max ) _ \ 1/2 _ 

<e sup / + C WfW^- ( 4 -25) 

0<T<T max yjT J 

A similar argument using the contractivity of S EjR in the spaces H a gives for f 2 2 and 



0<T<T, 



I rmm(T+l,T max ) _ \ 1/2 

sup / ll/ 2 , 2 (i)ll^^ 

( r mm(T+l,T max ) „ \ ' 

<C sup / I l/l +C, H/H^ ( 4 - 26 ) 

0<T<T ma;c \JT ) 

sup / \\f 3 (t)\\ 2 H S dt 



0<T<T, 



r>mm(T+l,T max ) \ 1/2 



0<T<T maa: WT 



/ r mm(T+l,T max ) _ X 1 / 2 

<C sup / ||/||^_i /2 ds +C||/|U=o. (4.27) 

0<T<T max \Jt J 
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We now estimate / 4 : 



T+l \ V 2 

WfMWmdt 



T 



IT] f f T+l f n ____ \ 1/2 

^ ^2{j T H./ i ^(*^)S , £ , B (t-s)(a(x,t)-a(i))/(s)ds||| fCT ^J 



T+l /-t _ 

+ (/ 11/ uj(t,s)S £jR {t-s)(a{x,t)-a{t))f(s)ds\\ 2 H a 
\Jt J[t] 

= h+h- 

We use now the continuity of the semigroup S £i r in H a , the fact that a G ff°"(R) and 
since a > 1/2, the imbedding of H a into C(IR) is continuous to obtain the existence of 
a positive constant £o, which can be made arbitrarily small if 5 is sufficiently small, such 
that 

\\S EiR (t-s)(a(x,t)-a(t))J(s)\\ H <r < \\(a(x,t) - a(t))J(s)\\ H * 

< (eo||7||^+C||7||oo) \\a\\ Hg . 
Arguing as in the derivation of (|4.25p we obtain 



1/2 



/ rmin(T+l,T max ) _ \ 1/2 

sup / \\fi(s)\\ 2 Ha ds 

/ fiDm(T+l,T max ) _ \ ' _ 

<eo sup / \\f\\ 2 H°ds\ +C||/|| L co. (4.28) 

0<T<T max \ JT / 



rmin(T+l,T max ) \ 1/2 



0<T<T max \JT 

Adding formulas (14T2H . (l4T23|) - (l4T^8l) we obtain: 



min(T+l,T m<M ) _ X 1 / 2 / /-min (T+l,T maI ) _ \ X / 2 

fWll2 J* ^ _ „ I / II -fl|2 



sup / l|/(<)HV*t <^o sup / \Wmds\ 

0<T<T max \Jt J 0<T<Tm ax \JT J 

( r mm(T+l,T max ) _ \ 1/2 

+C sup / \\f\\ 2 H«- P ds) +C||/|| L . 

0<T<T max \JT J 

/ /.min(T+l,T mo:c ) _ \ 1/2 £ / rT+1 „ \ V 2 

+C sup / ||Q||^ds +- sup / 11^11^-1/2 ds 

0<T<T ma:c V./T £ 0<T<T max \Jt J 
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where we have used that < ||/||l°° and p < 1/2. Then, 

/ r ann(T+l,T max ) _ \ 1/2 / rmin(T+l,T max ) _ \ 1/2 

sup / \\f(t)\\hdt) <C sup / \\f\\ 2 H «- P ds) 



0<T<T max \JT " J 0<T<T max \JT 

( r min(T+l,T max ) _ \ 1/2 

+C||/|U=o+C sup / WQWhds) 



+- sup ( / ||P|| 2 1/2 ds) . (4.29) 



0<T<T max \ JT 
C 

£ 0<T<f maX \JT 

Using a partition of unity as in the derivation of (|4.19|) , we arrive at 

r-min(T+l,T ma:c ) „ \ 1 ' 2 / /-min {T+l,T max ) \ L; J 



T+l N 1/2 

2 



/ /-mm (J +l,imatc; _ \ ' / pmm (1+1,1 max) _ 

sup / \\f(t)\\ 2 m dt) <C sup / \\f\\ 2 H~-rds 

0<T<T max \Jt J 0<T<T max \Jt , 



( r mm{T+l,T max ) _ \ 1/2 

+C||/|Uoo+C sup / WQWmds] 



0<T<T max \JT J 

c 

£ o<T<f max \Jt 

where the constants C > depend on 5. An interpolation argument yields 



T+l X 1/2 

' 2 

ffcr-l/2 



+- sup ( / Hi 3 ! | 2 1/2 ds) (4.30) 



/ r mm-{T+l,T max ) _ X 1 / 2 

sup / ll/Wll^d* < 

T<T max \ Jt J 

( r mm(T+l,T max ) _ \ 1 / 2 

C sup / IIQWII^d* +C||/|U» 

0<T<T ma;c VJt / 



T+l N 1/2 

2 



+- sup ( / ||F|| 2 1/2 ds) (4.31) 



0<T<T mo;c \7T 

1 

£ 0<T<T maa; Vt 
Using that x = 1 i n the interval (5/8, 11/8) we have: 

11/11^(3/4,5/4) < ll/lk- (4-32) 
Part (ii) of Theorem 13.11 then follows combining (|4.3ip and (|4.32[) . 

Proof of part (iii) of Theorem 13.11 The equation satisfied by / is now (|4.2(jp with 
P = and £ = 0. Then: 

f(x,t) = [ u(t,s)S E>R (t - s)f](x)Q(s)ds 
t 

ds 



o 



+ / u(t, s)S E>R (t - s) [v(x)T £>R ((M A/2 - M x/2 , Q )f) 



o 

pt poo 

+ x o u(t,s)S £>R (t - s) f(x-y,s)(ri(x)-rj(x-y))$(y,R,e)dyds 
Jo Jo 

t 

u(t, s)S £tR (t - s)(a(x, t) - a(t)) f(s) ds 

o 

7i(<M) + /2OM) + 7 3 (M) +7 4 M) 
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where uj is given by (|4.2ip . The term f 1 is estimated using (j3.24j) for T < 1. Then, 

r T+l - \ 1/2 / r 2 - \ 1/2 

J t mfaMWh*) ^ (j liri(/i)(t)||!r-Aj 

/ r 2 ~ \ 1/2 

<C[ \\Q(t)\\mdt) . (4.33) 



o 



If T > 1, using the change of variables: t = (T — 1) + r we write 

T+l / /"t \ \ 1 / 2 

||Ti (/ u(t,s)S e ^t(t-8)ri{x)Q(8)d8j \\ 2 H „dt\ 



T+l r t \ X l 2 



+ yj T Wj^u&s^^Rit-s^WQis)) ds\\ 2 H sdt 

= h + h- 

The estimate of the term I2 can be made as in (j4.33p : 



T+l X 1/2 



h<C[l \\Q{s)\\ 2 



T 



To estimate I\ we argue as follows: we change the time variable t as t = r + (T — n) and 
obtain: 

PI / m+1 m \ 1/2 



J \\j i W(r+(T-n) J a)r 1< Sr ei B((T-n)+T-a)(77(x)Q(a)) ds||^drj 



where we have used ||5 e (T — n) h\\H" < ||fo||if CT - We notice now that, for each n 

pn+1 />n ____ 

|| / u(T+(T-n),s)T 1 S E>R (T-s)(r ] {x)Q(s))ds\\ 2 H< ,dT 

n J n— 1 



< 



n+1 

w(r + (T — n),s)Ti S e ,.r(t - s) (77(a) l {n _ hn) (s) Q(s)) ds\\ 2 H adr 

n— 1 ./n— 1 
n+1 

w(t + (T - n), n) u>(n, s)Ti S S) r(t - s)(r](x) l( n _i, n )(s) Q(s)) ds| (f^dr 

n— 1 -/n— 1 

pn+1 



/ /-n+1 _ 

< Ce -2A(T-»)M ^ l ( „_ ljn) ( s )o;(n, S )||Q||^d S 

/■n 

^Ge-^CT-n) / \\Q\\ 2 H „ds, 

Jn-l 
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whence: 

\r / ,„ x 1/2 / fT +i \ 1 - 



/ 1 + / 2 < C^e-^-^^JIQII^^J +C (/ [T1 l|g(s)l1 
< C sup (/ + HQH^^ 

0<T<T max \JT J 



and 

™dn(T+l,T m(M! ) \ 1/2 



/ \\Ti(h)(s)\\ 2 m ds 
Jt 



mm(T+l,T max ) \ 1 / 2 

|2 



< C sup / \\Q\\H°ds\ . (4.34) 

0<T<T m<M \Jt J 

The term / 2 is written as / 2 = / 2 \ + / 2 2 where / 2 1 and / 22 are defined as in (|4.11|) . 
We first estimate / 2 ! . Consider then 

T+l rt \ 1/2 

r 



||Ti / w(*,s)5 6 ^(t-s)[r eiB *(x,a)] da|||rarfi 

JO 

[ T ] / /-T+l /-n \ 

^ Xj(j T Hy ^(t^)T 1 S £>R (t-s)[T E>R ^(x,s)] ds\\ 2 H *dt) 

(T+l t \ ^ 2 

jf II ^ w(t,a)ri5 e ,ji(t-a)[r eiJi *(x,«)] ds|&J 



= /1 + I2. 

Arguing as in the derivation of (|4.14p . but using (|3.38j) instead of (|3,37p we obtain that 
there exists a positive constant £0 that can be chosen arbitrarily small such that: 

/ r mm(T+l,T max ) _ \ 1/2 _ 

7 2<eo(/ \\Tif(s)\\ 2 H A + C\\f\\ 2 L ^. (4.35) 

In the first term I±, we change the time variable t as t = r + (T — n) and obtain: 



(/•n+l />n \ 
/ 11/ u(T + {T-n),s)T 1 S £ , R (T + {T-n)-s)[T etR ^{x,s)}ds\\ 2 m dr) 
Jn Jn—1 J 

P"1 / rn+1 rn \ 

<J2 / 11/ ^(^+(r-n), S )r 1< S £ , i? (r- S )[T £i ^(x, S )] cte||^dr 

\->n Jn—1 / 
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Arguing again as in the derivation of (j4.14j) we obtain, for eq defined as above, 

rn+l rn 

/ 11/ u(T+(T-n),s)TiS EtR (T-s)[T e>R *(x,s)]ds\\ 2 H „dT 

J n J n—1 

<e- 2A(T - n) (*> jf^ l^njWIlTi/ll^rfs + Cll/lliac) 
= e~ 2A ^ (eo£mJ\\%.ds + C\mU) ■ 

Therefore 

PI / rn \l/2 m 



h<e^~ MT ~ n) ( mW^ds) +C^e-^-")||7|| Lo 

n=l \Jn-l J n=1 

( r mm(T+l,T max ) _ \ 1/2 

<£o sup / WnfW^ds +C\\f\\ L ~, 

0<T<T max \Jt J 



whence 



/ nmm(T+l,T m ax) _ \ 1/2 _ 

Il+/ 2 <£0 SUP / WnfW^ds) +C||/||ioc 

0<T<T max \Jt I 



0<T<T max \JT 

and therefore 



/ rmm(T+l,T max ) _ \ 1/2 

sup I / \\Tif 2 ,i{s)\\H°ds 

( r mm(T+l,T max ) _ \ 1/2 _ 

<e sup / WnfW^ds) + C||/|| L <». (4.36) 

0<T<T max \JT J 

A similar argument using the contractivity of S e ^ in the spaces H a and formula (|3.27|) 
gives 

/ r mm(T+l,T max ) _ \ 1 / 2 

sup / \\Tif 2 M\Hg dt ) 



0<T<T ma 



0<T<T ma 



I r min(T+l,T max ) _ \ 1/2 

<C sup / \\Tif\\ 2 H< r- P ds) + C||/|| L ~ (4.37) 

0<T<T max \Jt J 

To estimate / 3 we combine (|3.24p and (|4.17[) to obtain 

/ r min(T+l,T max ) _ \ X l 2 

sup / \\Tif 3 (t)\\ 2 Hs dt) 

( /-miii (T+l,T max ) _ \ l/2 

<C sup / ||/||^-i /a ds + C| |/| Ixoc. (4.38) 



^ X" ^ T m a x 
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We now estimate / 4 : 
rT+l 



T 



|Tl/ 4 ( 8 )||^£ft 



1/2 



[T] 
n=l 



T+l /-n 



r 



u(t, s)Ti 5 e ,ij(t - s)(a(x, t) - a(t)) f(s)ds\ \ 2 Ha dt 



n-l 



1/2 



T+l t-t 



+ , 

' it 

h+h- 



1/2 



[T] 



w(t,s)Ti 5 e ,ij(t - s)(a(x,t) - a(t)) /(s)ds||# a 



Using (|3.24p we get 



/ 2 < 



T+l 



(a(x,t)-a(t))f\\ 



1/2 



Since a G H a+ C C ,a for some a > 0, we obtain, for 5 sufficiently small 

/ i-T+i . _ _ \ \ 1/2 

h < C U (e ||/(t)ll^ ( R) + C||/(t)||ioc) dtj 

The term Ji can be estimated similarly using the exponential decay of u(t, s) as in the 
previous cases. Then 

\ 1/2 



sup 

0<T<T max 



min (T+l,T max ) 



min (T+l,T max ) 



< Eq SUp 

0<T<T ma x\JT 

Adding formulas (g]Z5D , (l4T25l) - (^28l) we obtain: 



v 1/2 

da I +C 



(4.39) 



sup 

0<T<T ma:[ 



min (T+l,T max ) 



1/2 



\\Tif(t)\\ 2 Hs dt 



< Eq SUp 



+C sup 

0<T<T max \JT 



min (T+l,T maa; ) 



2 



\ 1/2 



+C sup 

0<T<T ma;c V-T 



min (T+l,T max ) 



1/2 



min (T+l,T max ) 



\\Tif\\ 2 H ° ds 



where we have used that < ||/||l°° and p < 1/2. Then, 



sup 

0<T<T max 



min (T+l,T max ) 



\ 1/2 

\\TiJ(t)\\ 2 H „dt) <C sup 

x / 0<T<T moI 



+C||/|| L oc+C sup 

0<T<T molc \JT 



min (T+l,T max ) 



1/2 



min (T+l,T max ) 



H"~P 



ds 



(4 
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Using a partition of unity as for the derivation of (|4.19p . we arrive at 

/ r mm(T+l,T ma ,x) „ \ 1/2 / rmm(T+l,T max ) _ \ 1/2 

sup / \\Tif{t)\\H S dt ) ^ C SU P / \\f\\ 2 H°- P ds) 

0<T<T max \Jt J 0<T<T max \ Jt J 

rmin(T+l,T m<M ) „ \ 1/2 

|2 



+c||/|| L ~ + c sup / IIQIIh-H ( 4 - 41 ) 

o<r<T maa; yJr y 
where the constants C > depend on <5. An interpolation argument yields 

/ r mm(T+l,T max ) _ X 1 / 2 

sup / ||Ti/(t)||^dt < 



0<T<T max 



, r mm(T+l,T max ) _ \ 1/2 

C sup / IIQWII/r^t +C||/|| L oc 

0<T<T max \JT J 

Using that x = 1 in the interval (5/8, 11/8), we obtain 

11^1/11^(3/4,5/4) <C\\T X J\\ H „. (4.42) 

On the other hand, 

\W(k,R,0)\ < Cmm{\k\,R} 
Therefore estimate (|3. 1Q[) holds. This concludes the proof of part (hi) of Theorem 13.11 

□ 

We state now the main result of this Section. 

Theorem 4.3 Suppose that a G (1/2,2), v G Lj(0, 1; #£(1/4, 4)), e 6 [0,1], K 6 
L°°((l/4, 4) x (0, 1))HL 2 (0, 1; f£(l/4, 4)), and G L°°((l/8, 4) x (0, l))nL 2 (0, 1; i? 1 /2 (1/4) 2 ))n 
F 1 (0,l;L 2 (l/4,2)), W G L 2 (0, 1; ^" 1/2 (l/4, 4)) safe/ies ; 

<9/i _ (x - y) x / 2 h(x - y) - x x / 2 h(x) 



dt J y3/2 

+(1 - e)R 3 ^ 2 J" ((x - y) x ' 2 h(x -y)- x x ' 2 h{x)) (Ry) x l 2 f (Ry) dy + 
+K(x, t) h(x, t) + u(x, t) + W(x, t), 

for all x G (1/4,4) and R > 1 and /i(x,0) = 0. Then for any T G [0, 1]; 

H^llL t 2 (o,T;^(7/8,9/8)) - 

C (|MIl?(0,1;H£(1/4,4)) + 1 1 ^| U« ((1/8,4) X (0,1)) + ~ ' 1^1 1^(0,1;^- 1/2 (l/4,4)) 

where the constant C is independent of e and R but depends on ||-K"||l°°((i/2,2)x(o,i)) an d 

II^IIl2(0,1;H-(1/4,4))- 
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Proof of Theorem 14.31 Let x be a C°° function such that 

f 1 if xe (1/2,2) , 
X (x) = { (4.43) 
[ if x (1/4,4) . 

We define h(x,t) = x( x ) h(x). Then, for all x £ R the function h satisfies 

dh r 12 



dt 



o 



(x - y) x/2 h{x -y)- x x/2 h{x) ) $(y, R, e)dy 



r-x/2 

+ / (x- y) x/2 h(x - y) ( X {x) - x(x - y)) R, e) dy 



o 



+K(x, t) h(x, t) + x(x) v + W 

+oo 

(x - y) x,2 h(x -y)- x x/2 h{x) ) §(y, R, s)dy 



o 



+oo . . 

( (x - y) x/2 h{x -y)- x x/2 h(x) ) $(y, i?, e)dy 

x/2 V 7 

+ / (x - y) x/2 h{x - y) (x{x) - x(x - y)) i2, e) 



o 

+K(x, t) h(x, t) + x(x) v + PF. (4.44) 
where the function <&(y,R,e) has been defined in (|3,2|) , 

We write the equation (|4.44p in terms of the new function h defined as: 

h(x,t) = e (foK(x,s)ds+c (e,R,x)t) ^ ^ 

with, 

/>oo 

co(e,R,x) =x x ' 2 / $(y,R,e)dy 

Jx/2 

dh — 

— = T e>R (M x/2 h)+Q 1 + Q 2 + Q 3 + Q i 
where T £j # has been defined in (|3.ip and 

/>+oo _ 

Qi = - {x-y) x l 2 h(x-y)$>(y,R,e)dy 

Jx/2 

— r x 

Q 2 = e -^K(x,s) d s + 2V2etx(^) ( X - y)^ h( X - y) ( X (x) - X (x ~ V )) $(y, R, s) dy 







Q 3 = e -(/o d*+co(e,-R,x)t) va ^ 

Q 4 = e -(/o^(^) rfs + c o(^^)*) x ( 2; )VF. 
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These terms are estimated as follows: 

l|Ql|U o °(0,l;W rl . oo ((l/4,4))) + l|Q2|U°°(0,l;ff£((l/4,4))) ^ C I N Il°°((1/8,4)x(0,1)) 

11^311^(0,15^(1/4,4)) - C IMIl? (0,l;if£(l/4,4))) 

H^ 4 ILf(0,l;ifr 1/2 (l/4,4)) - ^H^HiKcl^-^a/M))' 

where 5" = min{<7, 1}. 

If 1/2 < o" < 1 Theorem 13.11 immediately yields: 

IHlL t 2 (0,l;ff£(3/4,5/4)) < C (l \ h \ Il°°((1/8,4)x (0,1)) + I M lif (0,l;ff£ (1/4,4)) + 1 N U°°((l/4,2)x(0,l))) + 

c 

+ 7H Ty llL?(0,l;Hr 1/2 (l/4,4 ) ) 
< C (lMLf(0,l;ff£(l/4,4)) + IWU°=((l/8,4)x(0,l))J + 



c 

£ 



+ ^ l|n/| l L 2 (0jl;Hr l/2 (1/4i4)) - 



If a > 1 we apply Theorem 13.11 with a = 1 to obtain: 

I WIl|(0,1;H1 (3/4,5/4)) < C (l H Il°°((1/8,4)x(0,1)) + I \ v \ lif (0,1;H£ (1/4,4)) + I N U°°((l/4,2)x(0,l))) + 



+— 

< 



£■■ ■■L2( ,l;^- 1/2 (l/4,4)) 



C (|MIl 2 (0,1;H£(1/4,4)) + II^I|l°°((1/8,4)x(0,1))) + 



+ fll W llL ? (0,l;Hr 1/2 (l/4,4 )) - ^ 



Since Qi and Q2 involve integrals of the function h, (|4.45p provides better estimates on 
Qi and Q2 although on the smaller interval (3/4,5/4): 

IIQi||l°°(0,1;H ct ((3/4,5/4))) + I IQ2 1 {0,1;H° ((3/4,5/4))) < C I H I L t 2 (0,l;ffi (3/4,5/4)) 

< C (lMLf(0,l;i?£(l/4,4)) + INU°°((l/8,4)x(0,l))) • 

Using again the Theorem 13. II with a < 2: 



INIl|(0,l;.HJ(7/8,9/8)) ^ C (J I ^1 Il°°((1/8,4)x (0,1)) + I IH Il 2 (0,1;H|(1/4,4)) + 

C 

+ 1 \h\ |ioc ((1/4,2) x (0,1))) + — 1 1 ^ I L| (O,!;^" 1 / 2 (i /4 ,4)) 



< 

£ 



C (|MIl 2 (0,1;HJ(1/4,4)) + 1 N U°° ((1/8,4) x (0,1))) + 



+ - ||U "£?(o,l;^- 1/a (i/M))' 



This ends the proof of Theorem 14.31 □ 
We end this Section with the following property of the operator £ — L. 
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Lemma 4.4 Consider the operators Wr and Woo defined as: 

W R (h) = R^' 2 f X ' 2 ((x - y) X/2 h(x -y)- x^ 2 h{x)) y x ' 2 f Q {Ry)dy (4.46) 

/•as/2 , N 

Woo(/i) = J ((x-y) x / 2 h(x-y)-x x / 2 h(x))y- 3 / 2 dy (4.47) 
WoceW = [J* ((* - y) X / 2 h(x -y)- x x l 2 h{x)) y3/2 + ^ /2x3/2 (4.48) 

Then, for any rj £ C°°(R) of compact support contained in (1/2,3/2) such that rj = 1 on 
(3/4,5/4), and for all a > 1/2, there exists a positive constant C, depending only on the 
function rj and its derivatives, such that for all tp € H a { 



1 1 Woo faVOIItf— l/2(R) + l|Wfl(77^)|| Hff -i/ a(R) + ||Woo, e (??V0llff— l/2( R ) < Clh^lU-W- 

(4.49) 

Moreover, for all h £ i? CT (IR) fixed: 

limjlr? •(VWoc, e -W o)(7/Mllif-i/2(R) =0. (4.50) 
Proof of Lemma 14.41 The function Wr (rj tp) can be written as follows 

R (3+X)/2 J*'* ((* - y) X/2 r,(x - y) ^{x - y) - x x l 2 r,(x)^(x)) y x / 2 f (Ry)dy 

= T 0>R o M x/2 (r]ip) + Z 

with 

\\Z\\ H ° <C||r/V||^. 

Using now the fact that the operator Tq } r is the multiplier by a function bounded by l^j 1 / 2 
and M\/2 h is the product of h by x x l 2 which is a smooth function in the interval (1/2, /2) 
the result follows. The same argument yields the estimate for Woo^ 

1 1 Woe M)llff*-i/2 (R ) < CIMIh- (4.51) 
The third operator Woo,£ may be written as a pseudo differential operator with symbol 

Therefore, 



\r]-{yVoo,s-yVoo){rih)\\ 2 H ^ 1/2m = / dk(l + \k\ 2 )°-V 2 / &i#i)x 

x / dk 2 ^(k 2 )Z £ (k 1 , k 2 ,k) 
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where 



Z e (k 1 ,k 2 ,k)= / dxi / dx 2 [P £ (xi,ki) - P (x 1 ,ki)} x 
JR JR 

x [Ps{x2, k 2 ) - P {x 2 , k 2 )\ e~ { X1 e~ l ^"^ ^r/^iM^) 

We now show: 

\ki\y 2 \k 2 \ 1 ' 2 



Z £ (ki, k 2 , k) 



< C r , 



(l + \k- /ci| m )(l + \k- fci| m ) 
To this end we notice that we may write: 

£ 3/2 x 3/2 



(4.53) 



P e (x,k)-P (x,k) = J dy(e- iky -l 



y3/2( y 3/2 + £3/2^,3/2) 



whence, 

-i{k-k)x (p £ ( X) k j _ p o ( X; k y 



-i(k—k)x 



oo & -iky _ ^ 



V 



-,2 R(^)v(x)dxdy 
(4.54) 



£ 3 / 2 + 1 



For \k — k\ < 1 we immediately obtain from (|4.54[) that, for some positive constant C 
independent of e: 



,-i(k-k)x ^ _ p Q ^ ^ 



< C 



(4.55) 



On the other hand, using: 



-i(k—k)x 



a 



k-kdx 



-i(k—k)x 



and integrating by parts m times in the right hand side of (|4.54p we obtain that for any 
to 6 N there exists a positive constant C m such that 



i(k-k)x p f V 



SX 



rj{x)dx 



< 



C n 



(4.56) 



In the derivation of (|4.56p we have used: 



»*(».) __! trf({) , t _(i 

ox V ex J x \£x 

the function £ R' (£) has the same structure than i?(£): it is a rational function of £ 3 / 2 
decreasing as £ —* oo like £ -3 / 2 . This is also true for all the derivatives of higher order. 
Moreover, since supp(?7) C (1/2,2), the term r](x)/x is uniformly bounded in R. 
Define now the function 



M{y, - fc) = — 

y A/I Jo 



i{k~~k)x R t y_\ (x) dx 

Vex/ 
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An integration by parts yields: 



/ (e~ iky - l)M(y, k - k)dy = -ik / e~ iky 

JO Jo Jv 



M(a, k-k) dady. (4.57) 



This identity still holds in the straight lines V of the complex plane defined by 

\Im(y) = e \Re(y)\, sign(Im(y)) = -sign(k) 
Using then (|4.56|) we obtain: 



ik / e~ iky \ M(a, k-k) dady 



< 



C m \k\ 



-ky 



l + \k-k\ m Jr \y\ 1/2 
Using (|4,58p twice, estimate ()4,53p follows. Therefore, 



dy< 



\ + \k-k\ 



dk(l + \k\ 2 ) a - 1 / 2 / dfciVfa) / dk 2 ^(k 2 )Z £ {k 1 ,k 2 ,k) 



(4.58) 



(4.59) 



< / dk{l + \k\ 2 y-^ 2 / dk^ih) / dk 2 ^{k 2 ) 



i^n^i 1 / 2 



(i + \h - k\) m (i + \k 2 - k\y 



Using that \k\ < \ki\ + \k — k±\ we have: 

(l + fkfy^^dk 



< c- 



(i + N) 



2cr-l 



(1 + - k\) m (1 + \k 2 - k\) m ~ ' (1 + \k 2 - h\) m ' 
for some m! < to. Using (|4.60p in ()4.59p and Cauchy-Schwartz's inequality we obtain: 



(4.60) 



dk(l + \k\ 2 ) a - 1 / 2 I dkx^ih) / dk 2 iP(k 2 )Z E (ki,k 2 ,k) 

Jr 



< 



dk-i 



< 

2 



dki 



< 



dki 



(l + |fcl-A;2|) m ' 

(i+\k 2 \rmk 2 )\ 



dko 



(i + \h-k 2 \y 



(4.61) 



for some to" < m' . Young's inequality then emplies: 

( dk(i + \k\ 2 Y^i 2 ( dki ^(fci) ( dk 2 ${k 2 )z £ {k x ,k 2 ~k) 

Jr Jr Jr 



< 



<c\M\ 2 H „ m . 



and therefore 



■(W 00 , 6 -W 00 )(»7fe)|| H .-i/ 2(R) <C|H| 



H° 



(4.62) 



(4.63) 



Combining (|4.5ip and (|4.63p we obtain the estimate for Woo,e(^^) m (|4.49p . 

It remains to prove that (|4.5(J|) holds true. By the estimate (|4.53|) in Z £ (k\, k 2 , k) this 
is reduced to prove that for any k\, k 2 and k, Z e {k\, k 2l k) — > as e — ► 0. This follows 
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from the fact that the support of n is compact and that P £ (x, k) — ► Pq(x, k) as e — > as 
it follows from the explicit expressions (|4.52|) . 
If y = st, we obtain, 

1 Z" 00 (^ e -iket _ 
P £ (x,k) = —7= I , 57T^- 



y/e Jo i 3/2 + ^ 3/2 

Therefore it follows that, for some positive constant C independent of e > and x > 0: 

\P e (x, k)\ < C\k\ 1/2 , Ve > 0, Vx > 
and (g3SD follows. □ 

5 Estimating the difference between C and L. 

In this Section we estimate the operator C — L which appear in the equation (|1.7j) . 
{C-L)(<p)(x,t) = A 1 +A 2 , 

A l {x) = f (H(x-y)-H(x))y x / 2 V (y,t)dy 



Jo 

poo I roo \ 

-H(x) y x / 2 v(y,t)dy-x x / 2 v(x,t)l H{y)dy\ (5.1) 

Jx/2 \Jx/2 J 

A 2 (x) = J*'* ((x-y) x / 2 <p(x-y,t)-x x / 2 <p(x,tf)H(y)dy (5.2) 

H{y) = y x/2 fo(y)-y- 3/2 - (5.3) 



Since it will be needed in the Section 6, we shall actually estimate more general oper- 
ators where the function A 2 has the more general form: 

A 2 ,e(x) = J ({x-y) x / 2 ip{x-y,t)-x x / 2 ip{x,t))H £ {x,y)dy (5.4) 

H e (x, y ) = y x/2 Mv)- y3/2 + £3/2x3/2 - (5-5) 

Notice that e = corresponds to the functions A 2 and H defined in (|5.2|) and (|5.3|) . 

In the two following Lemmas we estimate the two terms A\ and A2 j£ assuming some 
conditions of the function Jq. 

Lemma 5.1 Suppose that /o satisfies conditions \2.1\) , \2. 2\) and HMII3/2, (3+A)/2 < °°- 
Then 

1 1 1^1 1 1 13/2,2+5 < C|IMIl3/2, (3+A)/2- 
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Proof of Lemma 15. 1L The estimate on A\{x) for < x < 1 is immediate: 



x/2 



(H(x - y) - H(x))y x ' 2 ^{y)dy 



H{x) / y x/2 ^(y)dy 

J x/2 



x X/2 U ^H(y)dy\ <p(x) 



px/2 

/ \H{x-y) + H(x)\y^ 3+x ^ 2 dy 
Jo 

< C'|||^|||3/ 2 ,(3 + A)/2^ 3/2 (5-6) 



< 



3/2,(3+A)/2 



(5.7) 

-3/2 



< C , |||^||| 3A( 3 + A)/2^ 3/2 , 

< C|||^lll3/2,(3+A)/ 2 ^ A/2 - 2 < C 



3/2,(3+A)/2 X 



(5.8) 



Let us consider the case when x > 1. In order to estimate the first term in the right 
hand side of (15.11) we write: 



H(x -y)- H(x) = y I H'(x - 6y)d6 
Jo 



where 



H'(z) = ± Z (*-W(f ( Z ) - z-^' 2 ) + Z X l 2 (f'v(z) + i±A Z "(3+A)/2-l) 



By assumptions (|2.1j) (|2.2|) . for all z > 1: 

\H'{z)\ <(l + ^) ^ 5/2 ~ 5 
In particular, for all y < x/2 and < # < 1 we have x — 9y > x/2 and so, if x > 2: 



\H(x-y)-H{x) 



y [ H'{x-0y)d0 
Jo 



and 



x/2 



(H(x-y)-H(x))y x / 2 ip(y)dy 



<Cyx- 5 / 2 - 6 



x/2 



< Cx-^ 2 -H y^ x l 2 \^y)\dy 
Jo 



< C|IMI| 3 /2,(3+A)/2^ 

In order to estimate the second term in (|5.ip we use: 

\H(x)\ = x x l 2 |/ (s) - G{x)\ < Cx x / 2 x^ +x ^ 2 - & for x > 1 
whence, for x > 1: 



-2-5 



(5.9) 



H(x) / y A /V(2/)d2/ 

./x/2 



.,,-3/2-5/ ^(^^CIII^Hg (5.10) 
x/2 



The third term of (|5.ip is bounded by 

poo 

x x / 2 Mx)\ / y-" 2 - & dy 

J x/2 

Lemma 15. II then follows combining (|5.6p - (|5.1ip . 



C 



3/2, (3+A)/2 x 



-2-5 



for x > 1. (5.11) 



□ 
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Lemma 5.2 Let < T < 1. Then, there exists a constant C > stic/i t/ia£, /or any 
y G £t;<j a^rf /or all to £ (0, T) : 

R 2 N 2 , a (A l - R, t ) < C\\\<p\\\, Vi?> 1, 
R 2 - x / 2 M 2 , a (Ar, R) < C\\\ip\\\, V0<J?<1. 

Proof of Lemma 15.21 For fi> 1 we write 

oo 

<p(x,t) = Y J X(x/2 n ) V (x,t) 

n=0 

where x G Cq 30 , suppx C (1/2,2). Let us consider i? = 2 n °, x G (R/2,2R) and rescale 
x = RX, y = RY, t = (t-t )-R (A ~ 1)/2 , ¥>0M) = i?~ (3+A)/2) '0(X,T), «4i(^,t) =A 1 (x,t) 
to obtain: 

rX/2 

i? 2 |^i(X,r)| = / [H R (X-Y)-H R (X)} Y x ' 2 ^{Y,r)dY - (5.12) 

JO 



/*oo poo 

-H R (X) / y A / 2 ^(y,r)dy-X A / 2 V(X,r) / H R (Y)dY 

Jx/2 JX/2 



'X/2 JX/2 

where the function H R is defined as follows: 

H R (X) = i?(3+^)/2 X A/2 f Q ( RX ) - X^l 2 . (5.13) 

Since ||M 1)3/2,(3+ a)/2 < oo, we have the following bound on ^(X,t) 

{oA/2 j ] 

^'^(sTa)^) 111 ^ 1113 / 2 .^)/ 2 (5 ' 14) 

for all X > and r G (0, T i?( A_1 )/ 2 ). Using this estimate it then follows that the integrals 
in the right hand side of (|5.12p are convergent. Moreover, using conditions (|2.ip and (|2.2p 
we obtain: 

1/2 



i? 2 



' 1 2 \ ' 

f dr f \DlAi{X,T)\ 2 dXdT j <C||M||, Vi? > 1. (5.15) 

v J0 A/2 J 

For it! G (0, 1) we scale the variables x G (-R/2, 2i?) and as x = y = RY, tp(x, t) = 
R- 3 / 2 ip(X,t), Ai(X,t) = Ai(x,t) to obtain in this case: 

rX/2 

H?- x ' 2 \Ai{X,t)\ = / [H R {X-Y)-H R (X)]Y x l 2 ^{Y,t)dY - (5.16) 

Jo 

f' OO /* OO 

-tfflPO / y A/2 V(y r) dY - X x ' 2 if;(X, t) / H R (Y) dY 

JX/2 J X/2 

Using again ([23]) . (|23j) and (pU4"|) we deduce 

/ 1 2 \ 1/2 

R2X/2 \L dT Ji \ D Z Al ( X > T )\ 2dXdT ) ^^HMH' Vi?G(0,l). (5.17) 
Lemma 15.21 follows from (|5.15p and (|5.17|) . □ 
The following technical Lemma will be needed in order to estimate A 2 e . 
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Lemma 5.3 For any given function h £ H a (M) supported in (1/2,2), and 
5 E [0, min(l/2, 1 — a)) there holds: 

/ \h(X - Y) - h(X)\ Y- 3 / 2 - 5 dY < C\\h\\ H ° 
Jo 

Proof of Lemma 15.31 Using 



h(X) 



we obtain 

r 5/8 



/ \h{X-Y)-h{X)\Y- z ' 2 - 5 dY <C / / \h{£)\ 
Jo Jo Js. 







1-5/S 






n 


7 


e~^ Y - 1 


Y 




l JR 


Jo 







e~* Y - 1 

2 



<c( \h(o\ 2 (i+m 2 ^ 

Using the change of variables £y = z we arrive at 

F -3/2-5 dy < ^1/2+5 f 

Jo 



y-3/2-5 dy 



Y-' 3/2 - 5 d£dY 

1/2 

da 



(i + ICI 2CT ) 



/•S/8 


e-^ y ) - 1 


/o 





i e -« _ i| az < ce 1/2+s 

|C 1 z 3/2+8 ~ U? ' 



and 



5/8 



e -m _ i y-3/2-5 dy 



— ^ — < / Ifl^— 



1 1+25 



(i + iei 



2(7 * 



< OO 



since a > 1 + 5. 

We have the following estimate for ^2, e in ([HI 
Lemma 5.4 Suppose that /o satisfies conditions \2.1\)l2Jty and a > 1 + 5, then 

sup sup fl^JVooCA*; *o,#) < C\\\y\\\, 

to6(0,T) fl>l 

sup sup i? 2 iV 2 . CT _i(il 2)E ; t ,il) < CHICHI, 

t 6(0,T)i?>l ' 2 

sup i? 2 ~ A / 2 M 00 (^ 2 , E ; R) < C||M||, 

0<R<1 

sup i? 2 - A / 2 M 2 . CT _i(A 2i£ ; i?) < C||M||, 
0<i?<l ' 2 



□ 



(5.18) 
(5.19) 
(5.20) 
(5.21) 



where the functions A r oc (- ; to,R), N^-ai'', to,R), M 0O (-; i?) andM2- a (-] R) are defined in 



Proof of Lemma 15.41 For R > 1 we write 

00 

y>(s,t) = Y J X{x/2 n ) V (x 1 t) 



n=0 
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where X G C °°, suppx C (1/2, 2) 

n +l 



y- 3/2 - s dy. 



2ll f x / 2 { — \ 

|A 2 , e (M)|<£ / (x-yfl\{x-y,t) X ^ ) - x x /\(x, 
n=n -2 J ® V 2 ' 

Let us consider i? = 2 n °, x E (R/2,2R) and rescale x = y = RY, t = (£-i )^ (A ~ 1)/2 , 
ip(x,t) = i?-( 3+A )/ 2 )^(X,r), ^ 2i£ (^,t) = A 2 , £ (x,t) to obtain: 

|^ 2)£ (X,r)| <R- 2 - 5 x 



Using Lemma 1531 we deduce, for X £ (3/4,5/4): 

\A 2 , £ (X,r)\ < i?-( 2 + 5 ) C {Mr)\\ Laa{im + ||V(r)||^(l/8, 8 )) 

whence: 



Y- 3/2 - 5 dY. 



R 2 + 8 

< C 
+C 



l( i iR (A-i)/ 2(T _ to)) ^ y/2 

||^2,e(*)| (3/4,5/4) rfr 







SUP IIW"J||l°°(1/8,8) + 

0<r<min(l,i?( A - 1 )/ 2 (T-t )) 



min(l,_R.( A - 1 )/ 2 (T-t )) 



1/2 



T ) II H° (1/8,8) ^ T 



Therefore, 

R^N^Ao^R) < CR^' 2 



SUP ||v(t)IU«»(Jl/8 ) 8fl) + 

t <t<min(t +.R-( A - 1 )/ 2 ,T) 



+ N 2 . a (cp;t ,2 e R) 



i=-3 



<c\\\<p\\\, 



and (pTT8j) follows. 

We now prove (|5.19p . To this end notice that: 



/•A/2 

^ 2 , £ (X,r) =J R- 2 V / 

(x-y) A /2^(x-y,r) x ( 



x -y 



X x / 2 ^{X,t)x H £ (X,Y)dY 



where H £ (X,Y) = R 3 / 2 H £ {x,y), using Lemma 14.41 we obtain: 



R 1 



mmil,^,^- 1 ^ 2 (T-t )) 



\ 1/2 



< C 



|IAeWII^-i/ 2 (3/4,5/4) dT ) - 

in(l,_R( A - 1 )/ 2 (T-t )) 



li? CT (l/8,8) 



v 1/2 

dr] + 



-C sup ||^(r)|| L oc (1/8i8) . 

0<r<min(l, R( A - 1 )/ 2 (T-t )) 
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Therefore 



R a+1 N 2 . a _i{A 2 , £ ;t ,R) < CR^' 2 



N 2 . a (^t ,2 e R)+ 

||^(*)IU°°(ii/8,8Ji) 



i=-3 



+ sup 

to<t<mm(t +i?- (A - 1)/2 ,T) 



whence (|5. 19|) follows. 

We consider now the case where < R < 1. The arguments are very similar to those 
used in the previous case. In order to prove (|5,19p we write 

oo 



n=0 



where X e suppx C (1/2, 2) 

"0+1 - x /2 



n=no— 2 



l^2, e (a:,t)| < C / (^-y) A/ V(x-y,t)x(2 n (x-y))-x A /V(x,t) X (2"x) 



Let us consider i? = 2 n °, x G (R/2,2R) and rescale x = y = RY, <p(x,t) 

R- 3 / 2 ip(X,t), A 2 , £ (X,t) = A 2 , E (x,t) to obtain: 



\A 2 ,(x,t)\ < r^y: f x/2 

e=-2 Jo 

(X - Y) x / 2 iP(X - Y, t)x (2 e (X - Y)) - X X ' 2 ^{X, t) X (2 e X) I Y' 3 ' 2 dY. 
Using Lemma 15.31 we deduce that for X G (3/4,5/4): 



\A 2 , e (X,t)\ <R- 2+ ^C {\m)\\L^ { l/m +11^^)11^(1/8,8)) 



whence, 



R 2-X/2 



1/2 

l^2,e(*)lli<»(3/4,5/4) d * ) ^ C SU P 



0<i<T 
T 



L<=° (1/8,8) + 
1/2 







H CT (1/8,8) 



Therefore 

< ciimii 



sup \\<f(t)\\ L ^( R /8,8R) + J] M 2;a (ip,2 l R) 

0<t<T ^ 3 



48 



and (pT20]) follows. 

We now prove (|5,2ip . Since: 

1 pX/2 

A 2 , £ (X,t) = Yl / 

e=-2 Jo 

((X - Y) X ^(X - Y, t) X (2 e (X - Y)) - X X /^(X, t) X x) ) H e (X, Y)dY 

where H £ (X,Y) = R^ 2 H £ (x,y), using Lemma 14.41 we obtain: 

/ pT \ V 2 / i-T \ V 2 



+C SUp ||^(t)||L°°(l/8,8)- 
0<i<T 



Therefore 



R 2 - x / 2 M 2 . a _x(A2,e;R) < CR 3 / 2 



M 2 , a ( V ;2 e R)+ sup \\<p(t)\\ L 



0<t<T 



whence ()5.2ip follows. □ 
The following result has been proved in [3]: 

Proposition 5.5 The fundamental solution g(t,x,xo) of the operator L defined in \1.3\) 
such that g(0,x,xo) = S(x — Xq) satisfies: 

g(t,x,x ) = -g (txi X " 1)/2 ,-,l) (5.22) 

Xq V Xq J 

\g(t,x,l)\ < Ctx~ 3/2 , for all < t < 1, < x < 1/2, (5.23) 

\g(t,x,l)\ < Ctx~ {3+X)/2 , for all < t < 1, x > 3/2, (5.24) 

\g(t,x,l)\ < Cr 2 <$> (^2~) x ~ 3/2 > f° r aW < t < 1, 1/2 < x < 3/2, (5.25) 

where, 

*® = TT^- (5 ' 26) 

Moreover 

g(t, x, x ) < Ct 2/(x ~ l) o-- 3/2 , for all t > 1, < a < 1, (5.27) 

\g{t,x,l)\ < ct 2 ^^ a-( 3+x)/2 , for all t > 1, a > 1, (5.28) 

with 

a = t 2 '^x. (5.29) 
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Lemma 5.6 For T £ (0, 1] there is a constant C > such that, for all \\v\\x 3 , 2 2 +s( T ) ^ 



oo; 



sup 

0<t<T 



G(t - s) v(s)ds 



<CT^\\ Xa 



3/2,2+s(T) 

3/2, 2±A 



where 



{3 = min I 1, ) . (5.30) 



A - 1 

Proof of Lemma 15.61 We assume first that 

R-^)l* < t. (5.31) 

Let us suppose that 

^ [-,-)■ (5-32) 



Using Proposition 15.5 



G(t-s)v(s,y)ds= I ds dyv(s,y)g ( (t - s)y^ , 



A-i x\ dy 

./c) V ' J// 2/ 



</ x-i ds [ v(s,y)g \(t- s)yV,-) — 

h-R — 2- j|x-j/|<_r/2 v yj y 

+ I ds f v(s,y)g({t- s)y^ ^ dV 

t 



\x- y \<R/2 v yj V 



A-l 



x\ dy 



+ ds v{s,y)g \{t - s)y 2 , 

+ ds v(s,y)g[{t-s)y—,-) — 

Jo J\ y \>2R V yj y 

= 1 1 +1 2 + 1 3 +1 4: . (5.33) 
To estimate T\ we use the fact that ()5.25j) implies: 

g(s,z)<^(^P) (5.34) 

for < s < 1, z e (1/2,3/2). 

s P jC*-^ IMs)lll ™ (fi/2 ' 2R>ds i-*«/ 2 (f^W* ((Tw) * 

< C / ||f(*)|U«»(Ji/2,2fl)rfs- 
Jt-R~^~ 
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where we have used (|5.3ip in the last inequality. Using Holder's inequality we deduce: 

|2i| < CR-^^N^to^) 

whence: 

|Ji| < CR-^' 2 R- 5 [R 2+& N^t^R)] < CR-^t 2 t 25 t^\\\v\\\ X3/22+s . (5.35) 
We consider now the term Z 2 : 



t-R- 



<1* I v{y)g\{t-s)y X ^,-)—. 
>\x-y\<R/2 V yJ V 



In the region of integration we have (t — s)y 2 > 1. Using then (|5,28p we deduce 



9 {{t-s)y^l 2 *- 
V y 

for s > 1 and 1/7 < \z\ < 7. Therefore: 



A+l y 

<c(t- s y— 1 



x (3+A)/2 



(5.36) 



|J 2 | < i?-( 3 + A V 2 / ||l/(t-«)||Lao (Jl/2 ^ )S -^dfl 
J/J 2- 

[* R<A_1>/2 ] ^minlCn+l)/?-^- 1 )/ 2 ,*} 
= ^ (3+A)/2 ^ / ^ ||^-s)|| L oo (i j /2i2i?)S - — d S 



n=l 



_R-(A-l)/2 



< CiT^/ 2 J] i?( A+1 )/ 2 n-( A+1 )/( A - 1 ) J R-( A - 1 )/ 2 7V 0O (i,;n J R-( A - 1 )/ 2 , J R) 



n=l 



< Ci?-^)/ 2 ^ 1 - 5 ! 



Fx 



3/2, 2+6 



< C7T (3+A)/2 £2(i+<5)/(A- 



3/2, 2+<S ' 



(5.37) 



where we have used (|5.3ip in the last step. 
We next consider the term T3. 



ds I V (y)g({t- S )y X ^,-)— = 

J\y\<R/2 V yy y 

/•^ 2/(A_1) / A 1 x\ dv 

ds u ( 3 j)g((t-s)y—,-)^ + 

Jo V yy y 

t rR/2 



(5.38) 



+ fda / v{y)g({t-s)y^,-\^ =Z 3) i+X 3 , 2 . (5.39) 

7o 7*-2/(a-i) V y/ y 

We can use (|5.'24p in the region of integration of X3 x- Therefore: 

(5.40) 



( (*- «)y A2 \ - 
y 



<c(t- s )x-( 3+A )/V +1 . 
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Then: 



ft r t- 2 /(^- 1 ) 
|2 3 ,i| < Cx-^l 2 ds(t-s) Hy)\y x dy 
Jo Jo 

ft ( fl f t- 2 /(A-l) \ 

= Cx'^' 2 ds{t-s)\J^ \v{y)\y x dy + J W(y)\y X dy\ 

= T 3 ,i,i +23,1,2- (5-41) 

oo „ t 

2-3,1,1 < C,-( w »/ 2 ^2-"( A+1 ) ds(t-s)\\v( 8 )\\ LOO{2 -w >2 - n) 

n=0 J ° 

oo 

< Ca .-(3+A)/2 i3 /2 £ 2 -^ A+1 )M 00 (i/; 2-™) 

n=0 

oo 

< Cx-^lh^ 1 1 H | | X3/2 , 2+ , £ 2- (A - 1/2) (5+2) 



n=0 



2 3 ,i, 2 < Cx+ 3+A )/ 2 t V V / Ms)\\ L ~ ( 2^2^)ds 

/o-n(A-l)/2 f \ , / 



0<2"<<- 

f2 n+1 

A 



x y A dy 



[ t(2 »)(A-i)/2] . {2 _„ ( x-i) /a(<+1)it} 

< Cx+ 3+A V 2 t ^ ^ / |Ks)|k°o(2",2« +1 )^X 

x 2«(A+i) 

[t (2")(^-!)/ 2 ] 

< Cx-( 3+A )/ 2 t ^ n(X ' 1)/2 x N OQ (u;2- n ^- i y 2 e,2 n )ds2 n ^ 

<cx'^y 2 t 2 \\n\ x ^ 2+s 

0<2"<t- 2 /( A - 1 ) 

< C x'^' 2 1 2 1 1 H | (t-V( A -) ) a --^ = C 1 1 H | \ Xws . (5.43) 
On the other hand: 

nt fR/2 



/"* , /" 7 , x ( , , h=i x\dy 
2=1 ds u(y, s)g[{t-s)y 2 , - — 

Jo Jt-w-v V yJ y 

rW dy rt-y- (x ~ 1)/2 / ^ x \ 

j t -2/(x-i) y j v y/ 



j t -2/(x-i) y y t _j,-(A-i)/2 v y/ 

= Z 3 ,2,i+2 3 ,2,2. (5.44) 
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In the term 23,2,1 we use (|5.36p that gives 



|X 3 ,2,il < ^~ (3+A)/2 / dy (t-8)-( x+i yW\v(y,8)\d8 



t -2/(A-l) Jq 

[t(2")( A - 1 )/ 2 ] +1 2 -n(A-i)/2 

< cx-^ 2 y y dy ds 

s -(X+X)/(\-l)^ t _ s ^ 

[ t(2 n )( A-l)/2] 

< cx-( 3+A )/ 2 V Y, dy 

I On 

0<2»<t- 2 /(A-i) <=i 
(2 -n(A-l)/2^-(A+l)/(A-l) 2-»(A-l)/3 2 n(A-l)/2 / f _ g) | 

[ t(2 n ){ A-l)/ 2 ] +1 

< cx-( 3+A )/ 2 2 E / ^ 

0<2™<t- 2 /( A - 1 ) <=1 2 " 

( - 2 _ n ( A -l)/2^-(A+l)/(A-l) 2- n ( A - 1 )/ 2 j\/ 00 (V; t - 2- n ( A - 1 )/ 2 £, 2") 

[ t(2 n ) (A-l)/2j 

< cx-^)/ 2 |||,||u 3/2 , 2+ , E ^r 5 £ ro+w- 1 ) 

0<2"<t- 2 /( A - 1 ) «=1 

= Cx-( 3+A )/ 2 ||M||x 3/2 , 2+ /' 5/(A - 1 ) (5.45) 
In the term 2^3, 2,2) we use ()5.40p which gives: 

|X3,2,2| < x-( 3 + A )/ 2 T /2 y x +^f (t-s)W(y,s)\ds 



< Cx -(3 + A)/2 £ /" y A + i^^ (t-s)W(y,s)\ds 

< Cx-^' 2 y y x dy2- n ( x - 1 V 2 2- n(x - i y 2 x 



t -2/(A-l)< 2 n< j R/ 2 ' 

x2 n(A-l)/2 /"* |l/(j/,8)|ds 

Jt-2-"( A - 1 )/ 2 

-n(A-l)/2 9 n^ 



< Cx- {3+x)/2 y [ dy2 n N 00 {v;t-2- 

I on 

t -2/ '(A-l) < 2 "<fl/2 2 

< Cx-^ A )/ 2 |||,||U 3/2 , 2+ , £ 2-* 

t-2/(A-l)< 2 n<i?/2 

< Cx-^)/ a ||M||^ /w * a, ^ 1 >. (5-46) 
Estimates (|5.45|) and (|5.46|) yield 

|X3,2|<Cx-( 3+A )/ 2 t^T|||H|U 3/2 , 2+ ,. (5.47) 
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Then, using also (|5.39p and (|5.4ip . we deduce that 

|X3|<Cx-( 3+A )/ 2 ^|||z,||U 3/2 , 2+ ,. (5.48) 
We estimate now the term Z 4 . To this end we have: 



Jy>2R V Vjy Jy>2R V JO 

+ f ^ / [■■■]ds = Z 4 ,i+X 4 , 2 . 

We split Z 4j4 in two pieces as follows: 

24,1 = / - / [■■■]*»+ / - / [■■■]*» 

Jy>2R V JO Jy>2R V Jt-x-^- 1 )/ 2 

= T 4 ,i,i+J 4 ,i,2. (5.49) 
In the term 1a,i,i we are in the region where (|5.28p holds. Then, we use (|5.36|) to obtain: 

|X 411 | < Cx-^ 2 f dy f s-( x+1 ^ x -V\v(y,(t-s))\ds 

Jy>2R Jx-^- 1 )/ 2 

r 2 n+1 / .2- n ( A - 1 )/ 2 (^+l) 

< Cx~^/ 2 y dy y / s-<- x+1 W-V\v(y,(t-s))\d8 

— ' Ion Z — 4 /9-n(A-l)/2/7 
2 n >2R JZ a .-(A-l)/2< 2 -n(A-l)/2^< t - y ^ t 

< (7ar (3+A)/2 V 2 n(A+1)/2 2 n V ^-(A+l)/(A-l) x 

2 n >2R 2 ,-(A-l)/2< 2 -n(A-l)/2^< t 

x2 -n(A-l)/ 2iVoo ^. t _ 2 -n(X-l)/2^ ^ 

< c x -^y 2 \\M\ X3/2i2+s J2 *- n& 

2 n >2R 

< Cx-( 3 + A )/ 2 |||,||U 3/2 , 2+ ^- 25 < Cx-^IHi/ll^^^- 1 ) (5.50) 
In the integral £1,1,2 we use (|5.27|) to obtain: 

\g ((t - S )V^1~) I < C(t- s)- 1/(A - 1, !/^ 3/2 . (5.51) 

This yields, 

|24,i, 2 | < Cx- 3 / 2 / / (i-aJ-VO-iJl^gJIda 

Jy>2fi Jt-x-^- 1 )/ 2 
p px-^- 1 ')/ 2 

= Cx- 3 / 2 dy s-V^-^lviy^t- s))\ds 

Jy>2R J y -(A-i)/2 
c2 n+1 

dy x 



2 n >2R' 



2 -n(A-l)/2^ +1) 



1<^<2"" (A_1)/2 
£<a .-(A-l)/2 



54 



< Cx^ 2 2 2n 2- nX / 2 N O0 {u,t-2'< x - 1 ^ 2 l,2 n ) 

2 n >2R 

< C X -^ 2 R- x l 2 \\M\ Xm ^ Y: 2^<Cx-^)/ 2 |||,||U 3/2 , 2+ ,t 2 ^ 1) (5.52) 



2 n >2R 



using (|5.3ip in the last step. 

In the term Z4 2 we use (|5.23j) to obtain, 



|„ ( ( t _ s ) y ¥,^ )\<C(t-s) y^' 2 x- 3 / 2 1 5.53) 



and then 



|/4, 2 | < Cx- 3 / 2 / ^+ 2 )/ 2 ^/ (t- S )\u(y,s)\ds 

Jy>2R V Jt-y-^- 1 )/ 2 

r 2 n+1 ,-t 

< ex- 3 ' 2 / y x/2 dy 

— „ Ion I +— 

2 n >2R z 1 

< Cx~ 3/2 2- n ^- 1 h nX ^ 2 2 n N oc (u,t-2~ n( - x - 1 ^ 2 ,2 n 



y>2R V Jt-y- 

2 n+l 

(t - s)\u(y,s)\ds 

2n>2R ->*- ,,-J,-(A-l)/2 



2 n >2R 

< Cx-^l 2 t 2S l^\\\u\\\ X3/22+s . (5.54) 
where we have used (|5.31|) in the last inequality. 

Estimates (pT50D . (px52|) and (15341 give 

I^I^Ci?-^)/ 2 ^/^ 1 )!^!!!^,^, (5.55) 

which, combined with (|5.35p . ()5.37p and (|5.48p yields, 



_ R (3+A)/2 
for R> t- 2 /(A-i). 
We assume now: 



t 

G(t-s)v{s)ds 







L°°(R/2,2R) 



1 < R < r 2 /( A-1 ) (5.57) 



Then, 



A— 1 x \ 

G(t-s)v(s,y)ds= I ds I dyv(s,y)g [ (t - s)y~ ,- ) — 

x\ dy 



< ds u(s, y)g[{t-s)y 2 , - — 

>\x-y\<R/2 V vJ y 



[ ds [ 

JO J\x 

f f ( ^— 1 #\ dy 

+ ds v(s,y)g l(t- s)y—,~) — 

Jo J y <i V yJ y 

+ ( ds I u(s,y)g ( (t - s)y^ ,-) — 

Jo Ji< y <5R/i \ y) y 

f ( a— 1 x\ dy 

+ ds v(s,y)g ( (t - s)y— ,- ) — 

Jo J\ y \>5R/4 V yJy 

= Ji + J 2 + Js + Ji- (5.58) 
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In the term J\ we use again (j5.34p to obtain 

\J,\ < c f ds ( V M) J y- 1 \ d y 







M<fi/2((t- s )|,¥)2 \(t-s) 2 y xl J y 

- C J ds W V ( S )\\L™{R/2,2R) < CVt (J ds\\v(s)\\ 2 Loo{R/22R \ 

< CyftR-W \R^» 2 J o ds\\u(s)\\l^ m2R) \ 

< CR-^ 2 [VtR (x - 1]/4 R- s ] ||MI|x 3/2i2+ , 

< CR-^ +x y 2 t 2S ^\\\u\\\ X3/2 2+5 . (5.59) 



In the term J2 we have again (|5.40p and therefore: 

ft 00 z-2 



\J 2 \ < Cx-^' 2 / d s y^\\u{s)\\ LOO(2 - (n+1)2 - n) {t-s) / y x dy 
Jo ^ i 2 -(»+D 
00 ,. t 

< CX-^'HY, / ^||Ks)llL-(2-(" +1 ),2-)2- n(A+1) 

n=0^° 

00 

< Cx-^ +x)/2 t ^ 2- n( - x+1 ^V~tM 00 (u; 0, 2~ n ), 

n=0 

00 

< Cx-^)/ 2 t 3 / 2 |||Hllx 3/2 , 2+a E 2 ^ 1/2) - ( 5 - 6 °) 



n=0 

We consider now ^3 where we still have (|5.40p and then, 

ft r5R/4 

\Js\ < Cx-^' 2 ds{t-s) y x W(y,s)\dy 



t-t r2 n + 1 

< cx-^' 2 Yl / «fa(*-a)IIKfl)IU«(2»,2«+i) / y x dy 

l<2"<5R/4 ' 2 

< Cl -(3+A)/2 £ 2< X+l hVtU 



R-iX-D/2 \V2 
^IIK 5 )! Il°°(2™, 2™+!) ] 



l<2™<5R/4 

< Cx -(3+A)/2 t 3/2 J- 2"( A + 1 )2-"( A - 1 )/ 4 iV oo (z,,0,2 

l<2"<5R/4 

< Cx-^)/ 2 t 3 / 2 |||,||U 3/2 , 2+ , £ 



§(A-i)-a 



l<2"<5iJ/4 

< Cx-^)/ 2 t 3 / 2 |||,||U 3/2 , 2+ ^t(A-i)^ < Cz-<*W\\\v\\\ x ^t&.{5.1il) 
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In the term 

Ja= — dsv(s,y)g((t-s)y—,-) + 

J\y\>5R/4 y Jo V yj 

[ — f dsu(s,y)g((t-s)y^ 1 ,-) =J 4A +J^ 2 . (5.62) 

J\y\>5R/4 y J{t~y-^- 1 )' 2 ) + V VJ 

In the first term at the right hand side of (|5.62p we are in the region where (|5.27|) holds 
and then we have (|5,5ip to obtain: 

r r{t-y- (x - 1)/2 ) 
\J^i\<Cx-^ 2 / dy / + (t-s)-^ x -%(y,s)\ds. 



'\y\>5R/A JO 

Notice that this integral is nonzero if and only if y > i~ 2 /( A_1 ). In that case: 
|J 4 ,i| < Cx~ 3 / 2 V F dy f s-y^\\v{t-s)\\ L oo {2 „ )2 n+l)ds 

< Cx~ 3 / 2 y, x 

2 n> t -2/(A-l)> J J 

,-2 n+1 „2- n ( A ~ 1 )/ 2 (£+1) 

V d y *~ 1/(A ~ 1) IK*-«)IU<» (2»2«+ ijtfa 



x 

^=l,2-™( A - 1 )/ 2 £<< ' 



< Cx- 3 / 2 ^ ^ 2 n 2 -n(A-l) r l/(A-l) 2 n/2 x 

2 n> 4 -2/(A-l)> i j l<£< 2 -n(A-l)/a 

xiV 00 (zy;t-2- n ( A - 1 )/ 2 ^2") (5.63) 



-h5 



< cx- 3 / 2 in,|iu 3/2 , 2+ , E 2 ~ nA/2r 

2 «>i-2/(A-l)>i? 

In the integral J74 >2 , we are in a region where (|5.23|) holds true. Then we may use (|5.53|) 

(t - s) y( A + 2 )/ 2 x~ 3 l 2 to get: 

\Ja,%\ < Cx~ 3 ' 2 f y X/2 dy f ds(t-s)\u(y, S )\. 

J\y\>5R/4 y(t-y-(A-D/2) 
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The last integral is bounded as follows: 

rt- 2 /(A-i) rt 



\Jl,i\ < Cx- 3 / 2 [ y X/2 dy [ ds(t-s)\u(y,s)\ + 

J5R/4 JO 
poo ft 

+Cx-V 2 / y x / 2 dy / ds(t-s)\v(y,s)\ 

Jt-2/(A-l) 7( t _ y -(A-l)/2) 

_ 2 -n(A-l)/2 

< Cx^'H 3 ' 2 £ (2«)V2+l 2 -n(A-l)/4 (2 n(A-l)/2 / ^ K*) 1 1!~ (2 . )2 n +1 )) 1/2 + 

K<2»<t- a /(*-l) 

+Cx- 3 / 2 2 2n 2- nX / 2 N OQ {u; t - 2 -"( A - 1 )/ 2 , 2 n ) 

2 „> f -2/(A-l) 

< Cx" 3 / 2 ^ 2 J] (2") A / 2 + 1 2-"( A - 1 )/ 4 iV oo (^;0,2™) + 

_R<2"<t- 2 /( A " 1 ) 

+Cx- 3 / 2 J] 2 2n 2- nX / 2 N oc (u; t - 2-"( A ~ 1 )/ 2 , 2 n ) 

2 n> t -2/(A-l) 

< Cx- 3 / 2 i?-V 2t 3/ 2|||l/||U3/2 ^ t -^^ + 

+ cx- 3 / 2 iii,|iu 3/2 , 2+ ^- A/2 E 2 ~ n5 = ^-^iiihii^^^. 

2 n> t -2/(A-l) 

This yields, 

|J 4 , 2 | < Cnr^^/C^III^IH^^, (5.65) 
which, combined with (|5.65p gives 

\J,\ < CirMW'^M^^. (5.66) 
Adding ([5391 . (15301) . (15311) and (15361 : 

^ (3+A)/2 IHI^/2,2*) < ^W-^IIHH^^ (5.67) 
for all R > t~ 2 /(A-i). Adding (15361) and (15371) yields, for all R > 1: 



i? (3+A)/2 



G(£ - s) u(s) ds 



o 



^t^^llMIU^- (5.68) 

L°°(R/2, 2R) 



We now consider the region where < R < 1. Then, for |x — i?| < i?/8: 

/ G(t-s)u(s,y)ds< f ds f \ 1/ ( Sj y)\ g ((t-s)y^ 1 ,-)^ 

J0 J0 Jy<3R/4 \ Vj V 



/y<3R/4 

+ f ds [ \ U ( Sj y)\gf(t-s)y^ 1 ,-)^ 

Jo J y >5R/4 \ y) y 

± x\ dy 



A 



+ ds u(s, y)g[{t- s)y 2 - — 

io J\x- y \<R/2 V y/ y 

= /Ci + /C 2 + /C 3 (5.69) 
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The last integral in the right hand side of (|5.69p is estimated as follows. Since in that 
term f|5.25j) holds we still have (|5.34[) and then 



< c fdsl ^4n * f f_1 ^ 







\x-y\<R/2 ((t-s)!,¥)2* y(t-s) 2 y x 1 J y 
< C I Ms)\\ LOO{R/2i2R) da I TTT^x ® { tTT^TTx ) ^ 



'\x-y\<R/2 (t-s) 2 y x \(t-s) 2 y x / 

C [ \Hs)\\ L oo {R/2>2R) ^CVtM^u-R) <CVtR~ 3/2 \\W\\\x 3/22+s -(5.70) 
Jo 

Using (|5.24p we deduce that, in the integral K,\ the following estimate holds: 



< 



9 ((t - s)y^l\ ^ < C(t - s)y x+1 x~ ( - 3+ ^ 2 . 



Using this estimate we deduce: 



ft rl " 

\K X \ < Cx-^l 2 V I da I y X \Hs)\\ Loo(2 _ (n+lh2 - n) (t-s)dy 

2 -n< R J ^2-(«+l) 



2~ n <R 

< Cx-( 3+A )/ 2 t 3 / 2 |||HI|x 3/2 , 2+ , 2- n( - x+1 -W 

2~"<R 

< Cx-(^)/ 2 t 3 / 2 |||H||x 3/2 , 2+ ^ A - 1/2 < C x-^ 2 \M\\ Xws (5.71) 
for x £ (-R/2, 2R). We are then left with the term |/C 2 |. 

K 2 = [ —f dsv(s,y)g \(t- s)y^,-) 

J5R/4<y<2 V JO V VJ 

f dy f(t-y- (x - 1)/2 )+ ( ^ x 

+ / — / dsv{s,y)g \{t-s)y * ,- 

J y >2 V Jo \ y 

f dy f ( a— i x 

+ — dsv{s,y)g [ (t - s)y~ , - 

J y >2 y J(t-y-( x - i )/ 2 )+ V y 

= /C 2il + /C 2i2 +/C 2 ,3. (5.72) 
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s) 

1/2 



' s '"L°°(2-( n + 1 ),2- n ) 



In the term £2,1, we may use (|5.53p to obtain: 

IAC2.1I < Cx' 3 ' 2 [ dyy x l 2 [ ds\v(s,y)\(t 

J5R/4<y<2 JO 

< Cx- Z 'H Y 2- n{1+m Vt (f 'ds\\u{ 

n=0,R<2- n ^ 

< Cx^H 3 ' 2 J2 2-™( 1+A /2) Moo (^2-") 

n=0,R<2~ n 

< cx- 3 / 2 t 3 / 2 \ M \ Xm y 2 ~ nix ~ i)/2 

n=0,R<2~ n 

< Cx- 3 IH 3 I 2 \\M\ X ^ 2+S . (5.73) 
In £2,2 > (|5.5ip holds and then, 

, / .( t _ 2/ -(A-l)/2 )+ 

|/C 2 , 2 | < Cx- 3 ' 2 dy ds\u(s,y)\{t-s)- 1 /^ (5.74) 

Jy>2 JO 

We notice also here that the last integral in the right hand side of (|5.74|) is nonzero only 
if y > r 2 /^-^. Therefore 

|/c 2 , 2 | < Cx- 3 ' 2 Y 2 " f , 2 ^^ 1/(a " 1) II^)IIl- ( 2«,2" + i) 

n=l,2™>t- 2 /(A-l) J V (A 1)/2 

< CX' 3 / 2 Y 23n/2 E r l/(A-l) 2 -«(A-l)/2 x 

n=l, 2™>t- 2 /( A - 1 ) £=1, 2-™( A - 1 )/ 2 £<t 

xAT 00 (i/;t-2-"( A - 1 )/ 2 £, 2") 

< c^ 3 / 2 iii,|iu 3/2 , 2+ , Y 2 - n[x/2+5) 

n=l,2">i~ 2 /( A - 1 ) 

< Cx-^IHHHx^^^ 2 ^. (5.75) 
In K,2,3, we may use (|5.53p . whence 

|£ 2 , 3 | < Cx' 3 ' 2 I y x ' 2 dy f \u(y, S )\(t-s)ds 

Jy>2 J{t~y-^- 1 )/ 2 )+ 

r-t 



< C ' a ;- 3 / 2 ty2"( A /2+l) 2 -n(A-l)/2 (2 „(A-l)/2 / | ^ | dg) 

^ J(t-2-^-^) + 

00 

< Cx~ 3 l 2 t Y 2 n(A/2+1) 2~^ 1 )/ 2 ^ 00 (^; t - 2 -™( A - 1 )/ 2 , 2 n ) 



n=l 



< C x- 3 l 2 t\\M\ x , i/22+s Y^ n{1 ' 2+8) <Cx- 3 / 2 t\\\v\\\ X3/2a+s . (5.76) 



n=l 



By ([522D, flESH) , flSZSD and ([fTTH)) we have 

< Cx- 3 / 2 ^^)/^- 1 ))!^!!!^^. (5.77) 
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Adding f|5.70[> . (|5.7ip and (|5.77j) we obtain the following estimate for < R < 1 



R 3/2 



f G(t - s) u(s) ds 
Jo 



< Ct\M 



x 



3/2,2+5 " 



L°°(R/2, 2R) 

The Lemma follows combining (|5.68p and (|5.78p . 

Lemma 5.7 For all ip G Yy 2 r 3+x y 2 (T) ™^ cr>l + 5, e>0 and < T < 1: 



sup 

o<t<r 



/ G(t-s)(£-L £ )^(s)ds 



<ct"||M|| 



3/2,(3+A)/2 

/or some constant C > independent ofT, of e and (p. 
Proof of Lemma 15.71 By Lemma 15.61 



sup 

0<t<T JO 



G(t - s)A 1 (s)ds\\ 3/2>{3+x)/2 < CT^Wx^^y 
Moreover, for all h(t,x),q,p: 



x g , p (T) < C sup 

0<t<T 



q,p 



Then, using also Lemma 15. II and the definition of the norm |||.| 



T \\A 



i\\x 



3/2,(3+A)/2 



(T)<^||b||| 3 /2,(3+A)/2< CHICHI 



And then 



sup 

o<t<T Jo 



G(t - s)A 1 (s)ds\\ 3/U3+x)/2 < CT^ 



A similar argument is used for the term A 2 E - First, by Lemma 15.61 

<: 3/2,(3+x)/2(T) • 



mP T \\J G(t-s)A 2j£ (s)ds\\ 3/2t(3+x)/2 < CTP\\A 2j£ \\ X3 



0<t<T 

Then, by Lemma 15.41 

H A 2 ) elU 3/2i(3+A)/2 (r) < CHICHI 
whence, using the definition of the norm ||.|||: 



sup 

o<t<T Jo 



G(t - s)A 2>£ (s)ds\\ 3/2j{3+x)/2 < CT?\M\\ 
and L emma 1 5 . 7 1 follows from f)5 . 79|) and (|5.80p . 
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Lemma 5.8 There exists a positive constant C such that, for all < T* < 1, for all 
9 G [0, 1], for all v G Y£, 2 2 +s^) an ^ a ^ ¥ satisfying \ \\<p\\\ < +oo and solving: 

^ = L(<p) + 9 (C — L) (ip) + u, x > 0, t € (0, T*) (5.81) 

we have: 

\\M\<C\W\\ Y ° 2i2+5 (T*y 

Remark 5.9 The result of Lemma \5.8\ remains true if the space Yy 2 2+8^*) * s re P^ ace d 
by Y^j 2 2^*)- However, a solution of 115.81]) satisfying \\\ip\\\ < +00 does not exists in 
general if v € Y£, 2 2 (T*). 

Proof of Lemma 15.81 We first rewrite the equation (|5.8ip as follows: 

^ = (i-e)L{<p) + ec{<p) + v 

Then, for x G (3R/4, 5R/5) and R > 1 we define the new variables: x = XR, y = YR, 
t = (r/i^- 1 )/ 2 ) and <p(x,t) = i?-( 3+A V 2 *(X,r). Since i G (0,T t ),r6 (0, i?^ 1 )/ 2 ). 

^ = (l-6)L(V) + R i/2 J* 12 ({X -Y) X I 2 ^{X -Y)- X X >H{X)} (Ry) x / 2 f (Ry) dY 

/•oo 

-9X X/2 V(X) / Y x / 2 fo(RY)dY + U! 

JX/2 

h = R 2 u{RX,TR-^l 2 )+9R^ +x y 2 x 

eX/2 



X 



y ((X - Y) x/2 f (R(X - Y)) - X x/2 f (RX)J Y x/2 V(Y)dY 

POO 

8X x/2 R( 3+x)/2 f (RX) / Y x/2 ^(Y)dY (5.82) 

JX/2 



>X/2 

Using the expression of the operator L given in (|1.3p 

^- = (1-9) f X/2 ((X - Y) X 'H{X — Y) — X x 'H{x)) Y x / 2 Y- 3 / 2 dz 

J 



+ [ j R(3+A)/2 ??? ] 



i? 3 / 2 y ((X - y) A / 2 ^(X - Y) - X x ^{X)j (Ry) x / 2 f (R y) dY 



-2(1 - 9)V2X ( - X - 1)/2 ^(X) - 9 i?( 3+A )/ 2 X A/2 *(X) / Y x/2 f (RY)dY 

JX/2 



V2 = ( 



r-X/2 



1-9) J [{X- y)- 3 / 2 - X- 3 / 2 ) Y x 'H{Y)dY 



00 



-(l-9)X- 3/2 Y x/2 V(Y)dY (5.83) 

JX/2 
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We can rewrite the equation as 

™=T 1 - 0tR (M x/2 *)-a(X,t)* + Q (5.84) 
a(X, t) = 2(1 - 9)y/2X^-^ 2 + j r( 3+a )/ 2 X x ' 2 / Y x ' 2 f (RY)dY (5.85) 

JX/2 

Q = h + u 2 . (5.86) 
Since ||M||3/2,(3+A)/2 < °°; we can combine (j3.7j) in Theorem 13.11 with (|5.14p to obtain: 



min(T+l,T* J R( A - 1 )/ 2 ) \ 1/2 



SUP / | |^(s)| lH"(3/4 5/4) ds ^ C SU P lllv(*)lll3/2,(3+A)/2 

0<T<i?( A -i)/ 2 V-'T xV / , / J J 0<t<T* 

min(T+l,T*_R( A - 1 )/ 2 ) \ 1/2 

X 'W(l/2,2) ( 



+ SUp [ / \\Q(s)\\m(l/2,2) ds 



0<T<R( A -!)/ 2 \JT 

Moreover, in order to estimate the norm of Q(s) we first notice that, using (|5.14|) : 

/>oo 

WOX- 3 / 2 / Y x ^(Y,s)dY\\ Hs(lM < C|||^)|||3 A ( 3+ A)/2 +C||*(fl)||^- 1)+(1/2)2) . 

The same estimate holds trivially for the term 6 X x / 2 R( 3+x ^ 2 f (RX) Y x / 2 V(Y)dY 

in v\. We are then left with the term 

f* /2 ({X - Y)~ 3 / 2 - X- 3 / 2 ) Y x / 2 ^(Y)dY. Using that 

1*001 < 1 



y(3+A)/2 
we deduce: 

rX/2 

((X - YY 3 ' 2 - X- 3 ' 2 ) Y x lH{Y)dY\\ H , (W) < a|||^(i)||| 3A(3+ A)/2 

+C||*(s)||^-i) +(1/2i2) . 

This gives 

/ rmm(T+l,nR ( - x - l 1/ 2 ) X 1 / 2 

SUP / | |*(*)||hJ (3/4,5/4) d« < C SUp ||M|| 3 /2,(3+A)/2 

0<T<T* R( A -i)/2 \JT J 0<t<T* 

/ /•min(r+l,T,fl( A - 1 )/ 2 ) \ 1/2 

+C sup / 11^(^)11^-!)+ rfs ) +C\\u\\ YS {T) 

A bootstrap argument then yields: 

/ ™m(r+i,r,#- 1 >/ 2 ) X 1 / 2 
sup / ||*(a)llift(3/4,5/4)dsl < 



0<T<T, i?( A ~i)/2 \JT 



< C sup ||M|| 3 /2,(3+A)/2 +CIHI17,. ^(T*) (5-87) 

0<t<T* 
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(actually in an interval slightly smaller than (3/4,5/4), for example: (7/8,9/8)). 
We deduce, 



sup sup ( R^/ 2 N 2 . a ( V ; R,t )) <C sup |||<^)||| 3 /2,(3+A)/2 + G \\v\\ Y . <t§&%) 

0<t <T*R>l y ' 0<t<T* 3/2,2+4 

We consider now the case where < R < 1. We rescale the equation for x £ 
(3/2/4, 5R/5) and R < 1. The new variables are now x = XR, y = YR, and (p(x,t) = 
R- 3 /2\&(X,t). At guing as above, the function ^ satisfies now: 

^ = RrrTi- g>R (M A/2 tf) + Q 
Q = i? 3 / 2 u(RX, t) + i?^- 1 )/ 2 f (1 - 0) {{X - y)~ 3 / 2 - X- 3 / 2 ) Y x l 2 ^{Y)dY- 

-(i - e)x- 3 / 2 / y A / 2 f (y)dy - 2(1 - e)V2X {x -^/H{x)- 

Jx/2 

-(1 - 6)X-' i/2 [ Y x/2 ^{Y)dY ) 

Jx/2 J 

+9R x+l I ((X-Y) x/2 ^(X-Y)-X x/2 ^(X))y x/2 f {Ry)dY 
{■x/2 

+6R X+1 / UX - Y) x/2 f (R(X - Y)) - X x/2 f {RX)j Y x/2 V(Y)dY 

poo rX/2 

-6R X/2 X X 'H{X) / y x/2 f (y)dy + R x/2 X X /H{X) / Y x ' 2 f {RY) dY 
Jo Jo 

-9R X / 2 URX)X X / 2 / y x / 2 V (y,t)dy-(l-e)X- 3 / 2 ^y,t)y x / 2 dy 
Jo Jo 



rX/2 

+i?Vx^ 3 / 2 / ^{Y)Y x / 2 dY. (5.89) 



A-l 

o 

Where we have used that: 

/•oo roc r x /2 

x- 3/2 g(y)y X/2 dy = x^ 2 g(y)y x / 2 dy - x^ 2 / g{y)y x l 2 dy 

Jx/2 Jo Jo 

= a(t)x^ 2 - x-^ 2 g(y)y x / 2 dy. 

By Theorem I3TT1 with k = i?^ 1 )/ 2 
II* 

We now have: 



o 



L2(0,n;H° (3/4,5/4)) ^ G ||Q||l2(0,T*;#£(1/2,2)) 



1 1 Q\ I Jf" (3/4,5/4) < CI 1*1 l//(—D+ (1/2,2) + SU P HkWlll3/2,(3+A/2) + C M\y° 22+s (T) 
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As before, a bootstrap argument as in the case R > 1 gives 

ll^llL t 2 ( ,T»;H-(3/4,5/4)) < C ^"P^ 1 1 I^C*)! 1 1 3/2, (3-i- A)/2 + C I M I 2+g {T) 

and then, rewriting this estimate in the original variables 

R 3 / 2 M 2 . a ( V ,R) <c( sup ||^(t)|||3/2,(3 + A)/2 + MW il2 2+s (T)) ■ (5.90) 

\0<i<T* s/i,*+6 J 

Combined with (|5,88p we deduce 

sup sup (R {3+X)/2 N 2;a (<p;R,t ))+ sup R 3 / 2 M 2]a (<p,R) 

0<t <T* R>1 V ' 0<R<\ 

<C( SUp |||¥>(t)||| 3 /2,(3+A)/2 + \W\\y- ,,.(T) ) , (5-91) 

and then 



- C „ SUI L 1 1 lv(*)Hl3/2,(3+ A/2) + C 'll ly ll^' T /2 . 2+ ,(T*)- 

We use now 



0<t<n '3/2,2 +i V 



tp(t) = I G(t-s) (£ - L) (ip)(s) ds + [ G(t-s)v(s)ds 
Jo Jo 



which yields 

IIM<)|||3/2,(3+A)/2 <C f\\\G{t-s) (£-L)(^)( S )||| 3/2)( 3 +A)/2 ^ + 

Jo 

+ [ ll|G(t-a)l/(s)|||3/2,(3+A)/2<fa. 

Jo 

By Lemma 15.61 and Lemma |5, 71 

lll^)lll3/2,(3+A)/2 < C^HMH + (T* + T* 2&<kX ~ 1 ^)^\\v\\x z/2 2+5 {T*) 
and the result follows taking T* small enough. □ 



6 Proof of Theorem 12.1 , 



We introduce the auxiliary operators L e , for e > 0, defined as follows: 
= [ /2 ((x-yr^ 2 -x~y 2 )y"/ 2 g(y)dy 



x/2 



((* - y)Wg{x - y) - zV*g(xj) y3/2 + % ^ 



o 



- x~ 3/2 / y x/2 g(y)dy - 2V2x (x - 1)/2 g(x). (6.1) 

For all e > the operator L £ is more regular than L. Notice in particular that g and L E g 
have the same regularity. 
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Lemma 6.1 Let < T < 1. Then, there exists a constant C > stic/i £/iai, /or any 
(p G £t-,u, for all to G (0, T) and e > 0: 

^ ^2; a-1/2 ((£ " ^) (y) I *o) <C ||M||, Vi? > 1, (6.2) 

R 2 - x l 2 M 2 , a _ 1/2 {{C-L e ){ip);R)< C\\\tp\\\, V < R < 1. (6.3) 

Proof of Lemma 16.11 Notice that the operator (£ — L e ) may be written as A± + ^42,£ 
where j4i and are defined in (|5.ip and (|5.4p - (|5.5p . Lemma 16.11 then follows using 
Lemma 15.21 and Lemma 15.41 □ 



Lemma 6.2 (i) There exists a constant C > suc/t that, for all £ G (0,1], G [0,1), 
V? G £t ; <t arad w G £t ; <7 satisfying: 

d t cp = (1-0) L(ip) + £(</>) + (£ - L £ ) (u) 

there holds: 

C 

\\\<P\\\<C SUp |||^||| 3 /2,(3+A)/2 + i dNII- 

0<t<T* 1 - V 

Proof of Lemma 16.21 The proof of this Lemma is similar to that of Lemma 15.81 The 
difference comes from the fact that we must use the regularising effect of the operator 
T\—e R °f Theorem 13. 11 We then start by scaling the variables. 

In the case R > 1 and for x G (3R/A,5R/5) we define the new variables: x = XR, 
y = YR, t = (r/i?^- 1 )/ 2 ) and ip(x,t) = i?~( 3 + A )/ 2 m(X, r). Since t G (0,T*), r G 
(0,T* R^- 1 ^ 2 ). The function ip(X,r) satisfies equations (|534l - (|5T86j ) with v\ and v 2 are 
defined as in (|5.82p . (|5.83|) but where v is now given by 

v = {C- L e ) (u). (6.4) 

Using Lemma 16.11 and Theorem 13. II with e = 1 — 6, we obtain , arguing as in the proof of 

(233), 

SU P / I l*( s )l 1^(3/4,5/4)** < 

0<T<T» K(A-l)/ 2 \Jt x J 

c 

<C SUp \\\<p\\\3/2,(S+\)/2 + --, n\\\u\\\ (6-5) 

0<t<T* 1 — P 

Notice that the only difference between the proof of (|6.5|) and that of (|5.87|) comes from 
the control of the term v defined in (|6.4p . However that term is estimated as the term P 
in (|3.5p with k = 1, and e = 1 — combined with (|6.2p . 

We consider now the range R G (0,1) and rescale the equation for x G (3i?/4, 5R/5). 
The new variables are now cc = XR, y = YR, <p(x,t) = R~ 3 / 2 ^(X,t) and u(x,t) = 
R-V 2 U(X,t). Ar guing as above, the function satisfies now the same equation (|5.89p 
where the term Q is defined in (|5.89p where here again v is given by (|6.4p . The term 
R?/ 2 v(R,X,t) in (|5.89p is rewritten using (|6.ip as follows: 



R z ' 2 u{R,X,t) = R ( - X - 1)/2 {C-L £ )(U) 
= Q (X,t) + Qi(X,t) 
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y3/2 + £ 3/2 ^3/2 



where, 

Qo(X,t) = R^' 2 J X ' 2 ({X - Yf' 2 U{X - Y) - X X / 2 U(J^ dY 

r x / 2 / \ 
Qt(X, t) = R^' 2 J ((X - Y)- 3 / 2 - X~ 3 ' 2 ) Y X / 2 U(Y, t)dY 

poo 

- X~ 3 / 2 y x l 2 u{y,t)dy-2V2R^I 2 X^- i y 2 U(X). 

JRX/2 

and Qi(X,t) satisfies, 

|M 2)CT (Qi;l)| <C\\\u\\\. 

Using now Theorem 13. II with e = 1 — 9 and k = i?( A_1 )/ 2 and estimating all the remaining 
terms as in the proof of (|5.90p we obtain 

R 3 / 2 M 2 ^;R) <C sup ||M|| 3 / 2 j(3+ a)/2 + t^IIMII- (6-6) 
0<t<T* 1 — 

Combining (|6.5p and (|6.6p the Lemma follows. □ 
Lemma 6.3 Let < T < 1. Then for any ip £ £t-,<j, for all to 6 (0, T) : 

lim iY 2; o--i/2 ((-L - L E )(tp); R, t ) = 0,VR>1, 



lim M 2;ff _ 1/2 ((L - L £ )(^); i?) = 0, V < R < 1. 



Proof of Lemma 16.31 After rescaling the variables x = RX, t = to + R^^ 1 ^ 2 t and 
ip(x,t) = ip(X,r), the two identities reduce to: 

lim f ||(L-L £ )(V0(t)|| 2 {1/2j2 dr = (6.7) 

with < r* < 1. Using (|1.3j) and (|6.1j) we have 

(L-L £ )(^) = (W 00 -W 00 , £ )^) 

where Woo an d Woo,£ are defined in (|4.47p and (|4,48p . Therefore the Lemma follows com- 
bining (|4.50p and the Lebesgue convergence Theorem. □ 

End of the proof of Theorem 12.11 

Our goal is to solve (|1.7p for 9 = 1. To this end we use a continuation argument 
starting at 9 = 0. 

For 9 = equation (|1.7p has a solution tp £ £t;u- This is a consequence of the results 
of |5j and of Lemma 15.81 in Section 3 with 9 = 0. 
Then, we define: 

9* = sup {# > 0; for all v G Y^ 2+S (T), there exists ip £ £ T -a solution of flUD j (6.8) 
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The Lemmas 15.71 and 15.81 show that there exists a constant C > such that, for any 6 < 9* 
and for all v G Y°, 2 2+s (T) there exists a function 93 G £t ; o- such that 

IIHI<CHIy 3W T). 

Suppose that 9* < 1. We will show that for all 9 > 9* with 9 — 9* sufficiently small and 
all v G Kw 2 2+<5(^) t nere exists a function </> £ £r ;cr and solving (|1.7p . This would give a 
contradiction. 

To this end we use a fixed point argument. 

Given (p G £t ;ct and 1/ G Y" 3 y 2 2+s (T) we define </? £jn G £t;u as the solution of 

d t <p E>n = (1 - n ) L(p e , n ) + n £(v9 £ , n ) + (9 - 9 n ) (C - L e ) (£) + v (6.9) 

where 9 n is a sequence such that 9 n < 9* , 9 n — > 0* as n — > +00. The functions are 
well defined since 9 n < 0* and (£ — L £ ) (p) G 2+5 (T) . Combining Lemma [5.81 and 
Lemma 16.21 we obtain: 



\\\Ve,n\\\ < C(9-9 n ) SUp ||M|| 3 /2,(3+A)/2 +C ^ 1 1 \if\ \ | + | \v\ \ Y ° . (6.10) 

0<t<T* 1 — Vn i/2,2+6 

Since <p £;n satisfies equation (|6.9p we have: 

V £ ,n = T G(t - s) [0 n (£ - L)(<p e>n ) + (9- 9 n )(C - L e )(0) + v] ds. (6.11) 
J o 

Using now Lemma 15.61 and Lemma 15.71 we obtain: 

SUP |b £ ,n||3/2,(3+A)/2 < CT P (|||^ £ ,„||| + (9- 0„)|||£||| + \W\\x 3/22+s ) (6.12) 
0<t<T v J 

Therefore, using (|6.10|) and (|6.12p for T small we obtain 

Hl^nlll < C ^7^111^111 + MW^ 2+5 - (6.13) 

Moreover, given tp G £t ; o-, e "^V and denoting the corresponding solutions as tp s ^ n 
and <£>g n a similar argument yields: 

|||^,n-<J|| <C°-^\\\v-n\ (6-14) 

1 — 

By Lemma 16.31 we deduce that 

lim iV /2 (( Le , _ Le )(^) ; flj tQ ) = o, Vi? > 1, Vt G (0,T), 

e, 

lim M 2 . a „ 1/2 ((L e ,-L £ )($);R) = 0, V < R < 1, Vi G (0, T). 

e, e — >0 

We use now the regularising effects obtained in Theorem 13.11 combined with the rescaling 
argument that have already been used in the proof of Lemma l5.8| to obtain: 

lim N 2 -a (<Pe,n ~ <Pe'n, R, *o) = 0, Vi? > 1, , Vi G (0, T), 

e, 

^ lim q M 2 , a (<^, n - </v,n; A) = 0, V < R < 1, Vt € (0, T) 

e^o"^ 6 '" ~ ^ £ >ll i ° c ([ . T ] x [ i V 2 > 2 - R D = Vii > V * G (°' T )- 
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There exists then a function cp n defined in R + x [0, T] such that 

lim N 2;tT (<Pe,n-<Pn; R, to) = 0, V22 > 1, , Vi Q G (0, T), (6.15) 

lim M 2 -a{We,n-<Pn\R) = 0, V < 22 < 1, Vi G (0, T), (6.16) 

^JllPe.n - Pn\\L°°([0,T]x[R/2,2R]) = V22 > 0, Vt G (0, T). (6.17) 

By ()6.13p we have: 

^(3+^/2^^. ^ < c-^^m-iii + C\\v\\ Y * 22+s , V22> 1,, Vt G (0,T), 
22 3 / 2 M 2;(T (<^ n ; R, t ) < C^»|||£||| +C\\v\\y° 2 2+s , V < 22 < 1, Vi € (0,T) 

max{x 3 /V 3+A )/ 2 } K„(*,i)| < a^^lll^ll + C|H| y?/aia+4 , Vx G (22/2,222), 

V22 > Vi G (0,T). 

Taking limits as e — * 0: 

Rp+WN^fr^ to ) < c[^|P||| +C||i/||y 3%iW , Vi? > 1,, Vt G (0,T), 
R 3 / 2 M 2 , a (cp n ; 22, t ) < C^T^III^HI + CN^IIv- 2>2+a , V < 22 < 1, Vt G (0,T), 

max{x 3 / 2 ,x( 3+A )/ 2 }|^ n (x,t)| < C |^|||£||| + C||H|y 3%>2+ ,, V* G (22/2, 222), 

V22 > Vt G (0,T). 

whence ip n G £t ; (t and, 



lll ^ lll - C7 r^ lll ^ lll + l|l/||y 37 2 , 2+ ,- 

A similar argument yields 

\\\<Pn ~ <Pn\\ \ < Ct Z^IP- ^'lll- 

1 — 

Notice that cp n G L 2 (0, T; 22^ C (M + )). Moreover, passing to the weak limit in the 
equation (|6.9p as e — > we obtain that solves 

c>^ n = (1 - 0„) L(v9„) + n £fo> n ) + (9 - 9 n ) {£ - L) (£) + v (6.18) 

in the sense of distributions. Then, cp n G H 1 (0,T;Hf r oc (R+)). 

Formula (|6.18p implies that the application cp ^ cp n has a fixed point for any v G 
Yy 2 2+s , n sufficiently large and 9 — 9* > sufficiently small. Let us denote by cp such a 
fixed point that satisfies: 

d t cp = (1 - 9 n ) L(cp) + 9 n C{cp) + {9- 9 n ) (£ - L) (y>) + v (6.19) 
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whence, 

dt<p = (l-O)L((p)+0C((p)+v (6.20) 

and since 8 > 8* this yields a contradiction. It then follows that 8* = 1. We prove now 
the solvability of the equation for 8 = 1. 

To this end we consider a sequence 8^ — ► 1 and the corresponding sequence of solutions 

G £T;<rtO : 

= (1 - fe ) L(p fc ) + fl fe £(^ fc ) + i/. (6.21) 

By Lemma 15.81 we have 

IIMI <CMW i/%2+s . (6.22) 

Therefore, 

R (3+m N2 ^ {ipk . R to) < C||i/||y 3%ia+4 , VR> 1„ Vt E (0,T), (6.23) 

R?/ 2 M 2 , a {y k - R, t ) < C\\v\\ Y ° 22+5 , V < < 1, Vt E (0,T) (6.24) 

maxjx 3 / 2 ,^ 3 ^/ 2 } K(x,i)| < C\\v\\ Y ° 2$2+s , Vx G (R/2,2R), 

Vi? > Vt G (0,T). (6.25) 

The sequence {(/7 fc } fcgN is then weakly compact in L 2 (t ,to + R~( X ~ 1 ^ 2 > T ; H a (R/2,2R)) 
for all i? > and to G (0, T]. Therefore, using a diagonal procedure, there exists a sub 
sequence, still denoted {^fcjfceN) an d a function ip defined in all R + x (0,T] such that 
ifk converges to <p weakly in L 2 ((0, T); H a {R\, R 2 )) for all R 2 > R\ > 0. Since the left 
hand sides in the inequalities (|6.23j) - (|6.25j) are all of them convex functions of <p k , these 
inequalities are preserved under weak limits. Therefore 

R (3+m N2 . a{ip . Rj to ) < C\\u\\ Y ° 2t2+s , Vi? > 1, for a. e. t G (0,T), (6.26) 

R 3 / 2 M 2 , a (ip; R, t ) < C\\u\\ Yi/ai2+s , V < R < 1, for a. e. t G (0,T) (6.27) 

max{x 3 / 2 ,x( 3+A )/ 2 } |v?(x,t)| < C\\u\\y S/ ^, Vx G (R/2,2R), 

VR > 0, for a. e. t G (0,T) (6.28) 

whence </? G £-T\o- 

On the other hand, it is possible to pass to the limit in the equation (|6.2ip in the weak 
sense of L 2 (0, T; H t7 (R 1 ,R 2 )) for any R 2 > R\ > to obtain that ip G L 2 (0, T; H[ oc (R + )) n 
H 1 (Q,T;Hi~ 1/2 (R+)) is a solution of 

d t p = £{<p) + v. (6.29) 

in the sense of distributions. 

Finally, in order to prove uniqueness let us assume that (p% and <p 2 are two solutions 
of (|6,29p . Then, the function ip = ipi — <p 2 satisfies, 

d t ip = C{ip) 
ip(x,0) = 0. 

and Lemma 15.81 for 8 = 1 and v = shows that ip = and uniqueness holds. □ 
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7 Proof of Theorem [272 



Consider the function F R>to (X, t) defined in fl2^T|) . The function V(X, r) = i? (3+A)/2 F i?it() (X, r) 
satisfies equation (|5.85p with 8 = 1. Then, using (|3.10p we obtain 



/ /■min(to+-R" (A " 1)/2 ,T) r 

R (3+X]/2 / / \F R!t0 (k,r)\ 2 \k\ 2a mm{\k\, R}dk,dt 

<c(||MII + IMIk3 W ) 

whence Theorem 12.21 follows. □ 
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